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from the underlying theory of QCD 

Shao-Zhou Jiang 1 ' 2 *, Ying Zhang 3t , Chuan Li 1 ' 2 *, and Qing Wang 1,2§1[ 

1 Center for High Energy Physics, Tsinghua University, Beijing 100084, P-R- China 
2 Department of Physics, Tsinghua University, Beijing 100084, P-R- China** 
3 School of Science, Xi'an Jiaotong University, Xi'an, 710049, P.R. China 

We present results of computing the p 6 order low energy constants in the normal part of chiral 
Lagrangian both for two and three flavor pseudo-scalar mesons. This is a generalization of our 
previous work on calculating the p 4 order coefficients of the chiral Lagrangian in terms of the quark 
self energy S(p 2 ) approximately from QCD. We show that most of our results are consistent with 
' those we can find in the literature. 
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I. INTRODUCTION 



Chiral Lagrangian for low lying pscudoscalar mesons [l[ as the most successful effective field theory is now widely 
used in various strong, weak and electromagnetic processes. To match the increasing demand for higher precision in 
low energy description of QCD, the applications of the low energy expansion of the chiral Lagrangian is extended 
' from early time discussions on the leading p 2 and next to leading p 4 orders to present p e order. For the latest review, 
see Ref.(3j]. In the chiral Lagrangian, there are many unknown phenomenological low energy constants (LECs) which 
O .■ appear in front of each Goldstone field dependent operators and the number of the LECs increases rapidly when we 
D | go to the higher orders of the low energy expansion. For example for the three flavor case, the p 2 and p 4 order chiral 
Lagrangian have 2 and 10 LECs respectively, while the normal part of p 6 order chiral Lagrangian have 90 LECs. Such 
a large number of LECs is very difficult to fix from the experiment data. This badly reduces the predictive power 
, of the chiral Lagrangian and blur the check of its convergence. The area of estimating p 6 order LECs is where most 
improvement is needed in the future of higher order chiral Lagrangian calculations. 
0^ , A way to increase the precision of the low energy expansion and improve the present embarrassed situation is 
studying the relation between the chiral Lagrangian and the fundamental principles of QCD. We expect that this 
relation will be helpful for understanding the origin of these LECs and further offer us their values. In previous 
• ■ paper Q, based on a more earlier study of deriving the chiral Lagrangian from the first principles of QCD Q in 
which LECs are defined in terms of certain Green's functions in QCD, we have developed techniques and calculated 
the p 2 and p 4 order LECs approximately from QCD. Our simple approach involves the approximations of taking the 
large- N c limit, the leading order in dynamical perturbation theory, and the improved ladder approximation, thereby 
the relevant Green's functions relate to LECs are expressed in terms of the quark self energy X(p 2 ). The result chiral 
Lagrangian in terms of the quark self energy is proved equivalent to a gauge invariant, nonlocal, dynamical (GND) 
quark model [(|. By solving the Schwinger-Dyson equation (SDE) for £(p 2 ), we obtain the approximate QCD predicted 
LECs which are consistent with the experimental values. With these results, generalization of the calculations to p 6 
order LECs becomes the next natural step. Considering that the algebraic derivations for those formulae to express 
LECs in terms of the quark self energy at p 4 order are lengthy (they need at least several months of handwork), it 
is almost impossible to achieve the similar works for the p 6 order calculations just by hand. Therefore, to realize the 
calculations for the p 6 order LECs, we need to computerize the original calculations and this is a very hard task. 
The key difficulty comes from that the formulation developed in Ref.0| and exploited in Ref. Q not automatically 
keeps the local chiral covariance of the theory and one has to adjust the calculation procedure by hand to realize the 
covariance of the results. To match with the computer program, we need to change the original formulation to a chiral 
covariant one. In Ref . [1, 0, |T(| , we have built and developed such a formulation, followed by next several year's efforts, 
we now successfully encode the formulation into computer programs. With the help of these computer codes we can 
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reproduce analytical results on the computer originally derived by hand in Ref.[i| within 15 minutes now. This not 
only confirms the reliability of the program itself, but also checks the correctness of our original formulae. Based on 
these progresses, in this paper, we generalize our previous works on calculating the p 4 order LECs to computing the 
p e order LECs of chiral Lagrangian both for two and three flavor pseudo-scalar mesons. This generalization not only 
produces new numerical predictions for the p 6 order LECs, but also forces us to reexamine our original formulation 
from a new angle in dealing with p 2 and p 4 order LECs. 

This paper is organized as follows: In Sec. II, we review our previous calculations on the p 2 and p 4 order LECs. 
Then, in Sec. Ill, based on the technique developed in Ref. Q, we reformulate the original low energy expansion used 
in Ref.0] into a chiral covariant one suitable for computer derivation. In Sec. IV, from present p 6 order viewpoint, we 
reexamine the formulation we taken before and show that if we sum all higher order anomaly part contributions terms 
together, their total contributions to the normal part of the chiral Lagrangian vanish. This leads a change the role 
of finite p 4 order anomaly part contributions which originally are subtracted in the chiral Lagrangian in Ref . Q| and 
now must be used to cancel divergent higher order anomaly part contributions. We reexhibit the numerical result of 
the p 4 order LECs without subtraction of p 4 order anomaly part contributions. In Sec.V, we present general p 6 order 
chiral Lagrangian in terms of rotated sources and express the p e order LECs in terms of the quark self energy. Sec. VI 
is a part where we give numerical results for p e order LECs in the normal part of chiral Lagrangian both for two 
and three flavor pseudo scalar mesons. In Sec. VII, we apply and compare with our results to some individuals and 
combinations of LECs proposed and estimated in the literature, checking the correctness of our numerical predictions. 
Sec. VIII is a summary. In Appendices, we list some necessary formulae and relations. 



II. REVIEW OF THE CALCULATIONS ON THE p 2 AND p 4 ORDER LECS 

Theoretically, the action of the chiral Lagrangian at large N c limit derived from the first principle of QCD takes 
form Q 

S cS = -iN c Tr ln[i$ + J u - Il Qc ] + iN c Tr ln[i$ + J n ] - iN c Tr ln[i$ + J] + iV c Tr[$ Qc n£ c ] (1) 

°° r (—i\ n (N n 2 ]™- 1 - 1 

+n c Y, / d' Xl ■ ■ ■ d 4 x' n [ > [ f s> g;i:::; : { Xl ,x' r , ...,*„, ( Xl , x [) ■ ■ ■ + o(— ) 

n=2 J ' c 

in which Jq is external source J including currents and densities after Goldstonc field dependent chiral rotation f2 

J Q = [Q.P R + QtPz,] [J + i$] [VLP R , + fttp L ] = f n + ^75 - s u + ip Q -/ 5 J = f + ^ 75 - a + ipi 5 U = ft 2 . (2) 

$Oc and line are two point rotated quark Green's function and interaction part of two point rotated quark vertex in 
presence of external sources respectively, is defined by 

$Z&y) = ^fe)^(y)) = -i[(0 + Ja lla^r^x) ^n(x) = Mx)P L + rf(x)P R Mx) (3) 

with subscript c denoting the classical field and ip{ x ) being light quark fields. Gpl'.'.'.%"( Xl ' x 'i' ' ' ' i x rn x ' n ) IS effective 
gluon n-point Green's function and g s is coupling constant of QCD. It can be shown that the last term in the first 
line and the term in the second line of the r.h.s. of Eq.(p} are independent of pseudo scalar meson field U or O and 
therefore are just irrelevant constants in the effective action. While the second and third terms in the first line of the 
r.h.s. of Eq.{T]) are anomaly part contributions, since they represent the variations of the path integral measure for 
light quark fields ip. The remaining first term is called normal part contributions which relies on line- The <E>n c and 
IIq c are related by the first equation of §3§ and determined by 

[4> nc + 5] CTP + £ / d 4 Xl d 4 x[ ■ ■ ■ d 4 x n d 4 x[ y i)n+1 ^ c92s)n GZi:2 {x, y, x u x' x , ■ ■ ■ , x n , x' n ) 

x^(x 1 ,x[) ■ ■■^(x n ,x' n ) = O(i-), (4) 

where 3 is a Lagrangian multiplier which insures the constraint tr;[75$Q c (x, x)] = 0. Eq.(d]) is the SDE in presence 
of the rotated external source. In Ref.Q, we have assumed the solution of ^ approximately by 

UZ(x, y) = [X(vl)rS 4 (x -y) V£ = d% iv&x) , (5) 
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where E is the quark self energy which satisfy SDE (TJJ with vanishing rotated external source. Under the ladder 
approximation, this SDE in Euclidean space-time is reduced to the standard form of 



- 3C 2 (i?) 



d*q a s [(p-g) 2 } £(g 2 ) 
4tt 3 (p-q) 2 q 2 + Y, 2 (q 2 ) 







(6) 



where C2(R) is the second order Casimir operator of the quark representation R, in our case, quark is belong to 
SU(N C ) fundamental representation, therefore C2(i?) = (N 2 — l)/2N c and in the large -/V c limit, we will neglect the 
second term of it. a s (p 2 ) is the running coupling constant of QCD which depends on N c and quark flavor. With these 
approximations, the result action fl]) of the chiral Lagrangian becomes the GND model introduced in Ref. Q, 

See « Sgnd + O(-jJ-) S GND = -iN c Trln[0 + J n ~ s (^ 2 )] + iN c Tr\n[0 + M - iN c Trln[i0 + J] . (7) 

^ c 

In which the third term at r.h.s. of (J7|) is independent of pscudo scalar field U, therefore it only affects contact term 
of the chiral Lagrangian. In fact, for the contact term part, we can take f2 = 1 in (O, then 



S c ff 



-iN c Tr\n{i0 +J- E[(<9 - iv) 2 )}} + 0( — ) 



Nr. 



(8) 



For the non-contact terms concerned in this paper, we can ignore the third term at r.h.s. of ([7]) and the next key 

element is to compute term Tr ln[i$+ Jq — E(V )]. The remaining term Tr ln[i$+ Jo] in our previous work is obtained 

by further taking limit E — > in Tr ln[i$ + Jq — E(V )] 1 . Since anomaly terms are at least the p 4 order and at this 
order, anomaly is the well known Wess-Zumino terms which have no unknown LECs (In Ref. [Ill], we have derived 
such terms from QCD). All unknown LECs at p 2 and p A orders are in the normal part of chiral Lagrangian, so to 
calculate the p 2 and p 4 orders LECs, we only need to discuss the normal part of chiral Lagrangian which is in fact the 
real part of Trln(- • • ). With the help of Schwinger proper time method 0], this real part in Euclidean space-time 2 
with metric tensor g^ v = diag(l, 1, 1, 1), can be written as 



RcTrln[$ - if n - ij* n7 s ~ s n + ip n j5 + E(-V )] 
1 



— Tr In 
2 
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- if n - id n -y 5 - s n + iparf 5 + ^(-V 2 )]^ - if n - ifieffs - sq + ipaJs + S (~V 2 )] 
dr 



hm 

2 A^oo / l T 

A? 

1 ,. f°° dr , 
— hm / — I d x 

2 A— >oo / 1 T 



d x tr(x\ exp 



t[E - (V - ia Q y + E 2 (-V^) + i n E(-V 2 ) + £(-V 2 )/ n - i £(-V 



d 4 k 



tr exp 



(2^) 4 

+£((fc + iV x ) 2 )In - d E((A + ^V,) 2 )] 



t[E + (k + iV x + an) 2 + £ 2 ((fc + iV x ) 2 ) + J n £((fc + zV x ) 2 ) 



(9) 



in which 



E = -[7„, j^R^ + 7 M ^(sn - iparfa) + H^an^isn - ipnls) + {sn - ipn^a^] + 4 + Pa - [sn,i>n]* 7 5 
d"0 = 0"0-i[t&O] (O = any operator) R^= Vg v - i[a&, a u ] + (d»a Q - d"a^) 75 Vh, M ,= i[V M , V„] 

^£(-V 2 ) = 7m #£(-V 2 ) 



In = —it 



«75 



sn - ipnls 



In = -ifinlb - sn + ipnj5 



In ([9]), a cutoff A is introduced into the theory to regularize the possible ultraviolet divergences. In practical calcula- 
tions, we treat it as the physical cutoff of the theory. Taking the low energy expansion for ([9|), we can finally express 

Trln[j$ + Jn — E(V )] in terms of power expansion of external sources with coefficients being E dependent functions. 
Further vanishing E, we obtain Trln[i$ + Jn]. Then the r.h.s. of ([7]) is expressed in terms of power expansion of 



1 This will cause some confusions and we are going to discuss them in section IV. 

2 Our extension from Minkovski space to Euclidean space takes x°|m ~ > — ^ x ^\e^ x% \m ~ * ® i \Ms 7°Im - * 7 4 |b> J'\m ~ * i'J i \Ei with 
i = 1,2,3 being space indices and there 7^ are hermitian. c^ajj transform as x* 4 . 7s|m — > 7s|bi s|m — * — s\e, p\m — * — p\e- 
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rotated external sources, compare the result with the parametrization of the effective action without applying the 
equations of motion for pseudo scalar mesons, 

Seff = J d 4 X tTf Ffal + F 2 Bq SQ - 4»°™> n ^°) ^2 _ ^(norm.n^O) _ rfV^K^,, - d v a^) 
+ £(no rm ,WO) [a ^ 

^(norm.Ilsic^O) u v , r n . ^(nornijIIsic^O) 2 , r (norm,Il!) c ^0) , r 1 . i^(norm.n s -2 c 7^0) 2 

j^(norm,n S 7 c ^0) , r -i . ^(norm.IIsic^O) 2 . t^(norm,IIf! c ^0) , r 2i i^(norm,II S 7 c ^0) T/ uj/ T/ 



.^(norm.nfic^O),^!!!/ v -(riorm,rio, c ^0) , a 



0(p 6 ) + [/-independent source terms. (10) 



We can read out Fq , Bq and /£( norm > n! ^°) f or £ = 1 ; . . . , 15 as functions of S. /Q norm > nf2c ^°) s relate to the conventional 
p 4 order LECs through (25) of Ref.(3]. A superscript ( norm . n fic^o) on eacn Q f £\ denotes the property that when 
Hq c = £ = 0, all /Q vanish, i.e. 

^-.(norm.IIsic^O) ^-(norm) _ ^-(norm,rin c =0) ^-(nomi) S=0 ^■(norm,IIn c =0) ^ ^ ^ (11) 

where /^( norm ) an d _^( noim ^ n f!c-o) arg con t r ibutions ^ the effective action from the first, second and third terms 
in the r.h.s. of ([7]) respectively. Replacing superscript ( norm < n sic#o) w hh (norm) m ^ ne r h.s. f (TTUJ), we obtain term 
-iN c Trln[i$ + J n - £(V 2 )]. And replacing superscript ("°™,n s2 #o) with (norm,n„=o) and vanishing F§ in the r.h.s. of 

(fTUj) , we obtain term -i7V c Tr ln[i# + Jn] + iN c Ti ln[i$ + J}. The result formulae for F 2 B 0l Fq and K^ norm) expressed 
in terms of £ are explicitly given in (34), (35) and (36) in Ref. 

With the analytical formulae for LECs of Fq, Bq and /(;( norm < nf!c ^ ) f or j = 1 } . . . 3 15 as functions of £, we can 
suitably choose running coupling constant a s {p 2 ), solve SDE j6|) numerically obtaining quark self energy E, then 
calculate the numerical values of all p 2 and p 4 order LECs. To obtain the final numerical result in Ref.jJ], we have 
assumed Fq = = 93MeV as input 3 to fix the dimensional parameter Aqcd appear in running coupling constant 
a s (p 2 ) and taken cutoff parameter A appear in @ equal to infinity and lGeV respectively. The final obtained values 
are consistent with those fixed phenomenologically. 



III. CHIRAL COVARIANT LOW ENERGY EXPANSION 

Eq. @ is the starting point of our reformulation in this section. In Ref. Q , we expand ^ up to the p 4 order and 
obtain analytical result. This expansion is not explicitly chiral covariant, since the operator appears in the formula 
is not always covariant under the local chiral symmetry transformations. For example, when acts on a constant 
number 1, it gives 1 = — Wq{x) which is not covariant since Vq(x) itself behaves as the gauge field in the local 
chiral symmetry transformations. Only when they combined into commutators, such as [V£f, V£] or [V^,a^(x)], the 
covariance recovers back. Therefore in the detail calculation, we need to confirm that all V^s appear in the result do 
can be arranged into some commutators. This is a conjecture. In the original work of Ref. [J], we have found that 
this conjecture is valid up to some terms with coefficients being expressed as integration over some total derivatives, 
i.e. form of J d 4 k-^^g(k). If we ignore these total derivative terms, up to order of p 4 : we can explicitly prove the 
conjecture. At the stage of our earlier works, we do not question the reason that why we can drop out those total 
derivative terms (In fact, in Eq.(74) of Ref.[f|, we have shown that in order to obtain the well-known Pagels-Stokar 
formula, a total derivative term must be dropped out) . This leads the further discussions on the role of total derivative 
terms in the quantum field theory [lfj. Later in this section, we will give the correct reason of dropping out those 
total derivative terms. Arranging various into commutators is a very tricky and complex task which is very hard 
to be achieved by computer. In order to computerize the calculation, we need to find a way which can automatically 
arrange all V^s into some commutators. This leads the developments given in Ref. |, I E3,' where we have introduced 



3 Later wc will use a changed value of Fq = 87MeV for two-flavour case. For detail, see the discussion of Eq.(58) 



4 



in which 



i a 



(*v*) 



: {p\vp) 



d 3 



1 <9 5 
" 144 ^ 5(T P Xv ^ dk s dk°dkPdk x dk» 



dkf>dk x dk» 
0(P 7 ) , 



i d 4 

30 ) dk°dkpdk x dk» 



(13) 



[M5)] n (C)^[B,[B,-,[B,C]-.]] 



71=2 



n times 



l ■ 



•/X 2 /il) = [V£", [V^" \ 



[vr,vr] 



where the default set of Lorentz indices for (/j n /j n _i • ■ ■ A* 2 Mi) is the suppcrscripts, in some cases, we need subscript, 
we will use to denote the corresponding subscript for /i. Note that in present notation for (/x n /i n _x ■ ■ -^2/ii), we 
don't explicitly write V^s, but only their Greek superscripts for short. If we use other symbols, such as so appeared 
in (/isn) and a n in (//a n ), then we take definition that (/xsq) = [V K , sq] and (Ata^) = [V^, a^]. 
Substitute into ©, we change © to 



ReTrln[$ - if a - - sn + ipnj5 + £(— V )] 



1 hm f*: 

2 A^oo / l T 

-£ 2 ((fc + F) 2 )- 



d 4 x 



d 4 fc 



(2tt) 4 
J£((fc + F) 2 ) 



tr e x OT cxp 



E + (k + F) 2 + a Aj75 (fc' 1 + F") + (fc" + F")a, l7 5 



« 2 



£((fc + F) 2 )F- 7M ^,£((fc + F) 



with tilde operation defined as 



if 



6 = 0-i(i/0)— --(Ai/O)- 

i d 5 
- ^ (SapXvO) dk 8 dk a dkPdk x dk , 



i d 3 
f 0(P 7 ) , 



i a 4 

24 ( ^T ^ Al/C, ) dk°dkPdk x dk» 



(14) 



(15) 



where = (F, J, F, a M , a 2 , V£) r and O = (F, F I, ciq, a^, V^) T . Note that for finite cutoff A, the value of parameter r 
must be real and larger than zero, the term e~ Tk in (|14p then provides a natural suppression factor for the momentum 
integration and this leads the convergence of the integration. For a converged integration, we can replace the term 
e lV S'afc in front of the integration kernel in (fT4|) by 1, since the difference (e lV ==' w — 1) • • • are some momentum total 
derivative terms which vanish as long as we have nontrivial suppression factor e~ Tk . With these considerations, (TH 
becomes 

d A k 

¥n75 - sq + ipn75 



RcTrlnf 



£(-V 2 )] 



— lim 

2 A— >oo / i 



T 1 



(2tt)' 



-tr e B ■ 1 



(16) 



B 



E+(k + F) 2 + a^ /5 (kP + FP-) + (kP + FP)&^ 5 + & 2 + S 2 ((fc + F) 2 ) + JE((fc + F) 2 ) + E((A + F) 2 )F 



"7m 



V£,£((fc + F) 2 ) 



(17) 



From P7|) . we see that all V M in (TIB)) appear as commutators, therefore (JTHJ) and l|17p offer a covariant formulation 
which matches the general result that the real part of Trln • • • should be invariant under local chiral transformations. 
The price is that we need to handle many momentum derivatives on the exponential and the result computations 
become extremely lengthy. But as long as our reformulation is suitable to computerize, it is worth to pay such a price. 
To deal the next problem of derivatives on the exponential, we first take the low energy expansion on B 



B = B Q + B 1+ l -B 2 + 1f 3 + ^B 4 + 1f 5 + ±B 6 



with ^jB n is the p n order part of B. Further introduce a parameter t dependent B{t) as 

t 2 t 3 t A t 5 i 6 
B(t) = B + tB x + -7tB 2 + -B 3 + -B 4 + -B B + 777 B 6 + ■■■ B = B(t) 



(18) 



(19) 
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Then take Taylor expansion of e B< -*' at point t = 0, 

e B = e B ^ = e B » + [ * 
t=i 

With the help of identities 



1 r d 4 



1 ffi 1 rf 3 

„s(t)i i r i r „B(*)i _i_ r .B(()i 



rl Ft 

f(Ad{B)){—) 



2! 3! 



One can explicitly work out X [4m eB ^]t=o, for several lowest orders 



(20) 



(21) 



where 



dt 
dt 2 ' 



,B(t) 



e^fiAdi-Bo)]^) , 
d 



dt 



f[Ad{-B )]{B x ) + e B ^ t [Ad{-B{t))] 



{B,) + e B ° f[Ad{-Bv)]{B 2 ) 



t=o 



jm c °° 1 Jin 



(22) 
(23) 

(24) 



For more higher orders needed in our computations, we list the results of 4rje B ^ 



dL p B(t) 



dt e(i 



t=0 



£L P B(t) 



t=o 



and 



t=o 



in Appendix [A"l 

t=o 

With the help of 



and (|A1|) - (|A4|) , as long as the Bq, B\, B 2l B3, B4, B$, B$ are known, (|20[) is known and 

we can substitute it back into (fTB]) to calculate the real part of — iN c Tr ln[i0 + Jq — £(V)] order by orders up to the 
p 6 order in the low energy expansion. To obtain Bi, (fl~7]l tells us that the difficulty is the low energy expansion for 
+ F) 2 ). To achieve it, we expand the argument of + F) 2 ) as 



(k + F) 2 = k 2 



1 

24" 



1 

120" 



+ 720 A& + °(P 5 ' 6 )l tl ' acclcss + °b 7 ) ' 



in which 



A 2 

A 3 

Aa 
A 5 

A 6 



d 



6(/j,u\p)k\ 



if 



dk^dk v dkP 



O 2 



0, 

-90(/wAp)(Act) 



c9 4 



dk^dk"dkPdk c 



dk»dk x 
80(nu\) (pva) 



+ 3(/jwA) 



c) 2 



dk>"dk x 

o 4 



o 2 



dk»dk x 



dkPdk x dkPdk° 



(25) 

(26) 

(27) 

(28) 
(29) 

(30) 



Since we are only interested in the terms not higher than p 6 , we find that those traceless terms of p 5 and p 6 orders 
will not make contributions to the final result. So to save space and simplify the computations, we do not explicitly 
write down the detail structure of them, just represent these terms with symbol 0(p 5,6 ) (traceless and remove traceless 
term in ^5 and Aq. Further introduce A(t) as, 



t 



t 



-r 



A(t) = hf + —A 2 + —A 3 + —A 4 + A 5 + A 6 + 0(p 5 ' b )| tr 

w 2 6 24 120 720 

Then 

S((fc + F) 2 ) =S(fc 2 ) + 



acclcss 



0(p 7 ) 



A' 2 



t = 



A(t) = 



(k + F) 2 t = l 



(31) 



1 

+ 3! 



1 

4! 



+ 



.(32) 
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Now, we need to know 



using the following formula 



E[A(t)] - E[s + A(t)] 



s=0 



(33) 



s=0 



then 



7it> 



mm 



t=0 



d" 



E( S ) 



t=o 



s=0 



Therefore to compute 



&nA{t)\ 



we only need to calculate 



t=o 



£L e A(t)-§- s 






t=0 



(34) 

which is just equivalent to 



s=0 



replace Bi — * Ai-^ in (j2"2"l) . (|23p and (|A1|) - (|A4|) . followed by multiplying an extra factor E(s) at the r.h.s. and vanishing 
parameter s after finishing all differential operations. Follow this calculation road map, the detail calculation gives 



Jt mm 



- p Ad{A -§- s ) d 



t=0 



t=0 



^(flAdi-Ao—KAJZ'is + Ao) 



= 0, 



(35) 



s=0 



_ L p Ad(A -§- s ) 

' 2 



dt 



+f[Ad{-A®)]{A®) 
as as 



E(s + A(t)) 



f[M -Aol)m±) + ^[M(-A(t)l)] 



t=o 



I A 9 \ 

os 



d 



s=0 



where E fc = E(fc 2 ). For more higher orders, we list the results of 



&mm 



Si 1 



(36) 



Z[A(t)] 



mm 



and 



mm 



in Appendix lAl With these results, we finally obtain the low energy expansion of £>, 



t=o 

B = -r(k 2 + j:l) , 

Bi = 2r(-a[ 1 2 fc A1 + m[ t ^ I E fc )75 

2 



(37) 
(38) 



B 



d d d 

+ 4 (M a n)7^75TS fc — + 2i(^an M )75T + 4i(^)7 5 Tfc iy — + 4i(/ij/)7 A1 rfc^S^ + 4(^)rfc (ti E fc S fc — . 



(39) 



We list B 3 ,B 4 ,B 5 , B e in Appendix [Al With these explicit expressions for B , Bi, B 2 , B3, B4, B 5} B 6 , using (|22|) . ([23]) 
and (|Alj) - ()A4j) , we get ([20]) and further substitute (|20l back into (fl"6]) . we can obtain the real part of — iN c Trln[i0 + 

Jj7 — E(V )] order by orders up to the p 6 order in the low energy expansion. The analytical results of p 2 and p A 
orders are the same as those given by (34), (35) and (36) in Ref.0], except some total derivative terms which, as we 
mentioned before, can be ignored as long as we take finite cutoff A. 



IV. AMBIGUITIES IN THE ANOMALY PART CONTRIBUTIONS TO THE CHIRAL LAGRANGIAN 

In the last section, we have introduced a chiral covariant method to calculate Tr ln[i$+ Jq — E(V 2 )] which is already 

computerized now. With the help of computer, for the p 2 and p order analytical formulae in the low energy expansion, 

we can get results within 15 minutes, while for the p 6 order terms, we need roughly 13 hours to output all expansion 

2 

results. From our general result ([7]), the term —iN c Ti ln[i0+ Jq — E(V )] is the normal part. To get the full result of the 
chiral Lagrangian, we need to calculate the remaining anomaly part contributions iN r Tr hx\i0 + Jq] — iN c Trln[i0 + J]. 
As the discussion of Ref. in 1980s there is a class of works (see references given in pjjl) identifying this part 
as the full chiral Lagrangian, and in Ref.[l2| we refer them as the anomaly approach of calculating LECs. In our 
previous work we pointed out that this anomaly part contributions are completely canceled by the normal part 
contribution, left nontrivial pure E dependent terms contribute to the chiral Lagrangian. 

For the anomaly part contributions, the key is to calculate the U field dependent term Trln[i$ + Jq] which, as we 

mentioned before, can be obtained by vanishing E in THn[i$ + — E(V )]. In practice, the limit was taken by first 
assuming E being a constant mass m and then letting m — > 0. For p 2 order, this operation gives null result, while 
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for p 4 order, it gives the result originally presented in anomaly approach. Now in this work, naively what we need 
to do is to generalize the calculation to p e order. But to our surprise, we get many terms with divergent coefficients. 
Checking the calculation carefully, we find that the reason of appearance of infinities is due to the fact that most of 
the coefficients in front of the p e order operators have dimension of 1 /m 2 which goes to infinity when we take limit 
X = m — > 0. Note that the p G terms may also have coefficients of 1/A 2 which are finite in the limit of m — ► , 
although they vanish when we take A — > oo. These terms are irrelevant to our discussion on the divergence of p 6 
order terms and therefore we do not need to care about them. Applying the argument on 1/m 2 dependence of the 
p e order coefficients back to the p 2 and p A order results we discussed before, coefficients in front of p 2 order operators 
have dimension of m 2 which goes to zero, this explains the phenomena that anomaly approach can not produce p 2 
order terms. For p A order, the coefficients in front of operators are dimensionless and therefore the m dependence is 
at most logarithmic of form lnm/A which implies existence of a logarithmic ultraviolet divergence. Since we know 
that in the large N c limit, the p 4 order LECs (non-contact coefficients) are not divergent, the lnm/A term then can 
not appear in the final expression of these LECs, therefore in p order, anomaly approach leads finite result LECs. 
In general for a p 2n order operator, the corresponding coefficient should has dimension l/m 2 ( n ~ 2 \ This implies that 
the infinity in the anomaly part contributions will be a general phenomena, when we go to the higher orders of the 
low energy expansion, since the more higher the order is, the more negative powers of m dependence the coefficient 
will have and these negative powers of m will result in infinities as we take limit £ = m — > 0. 

The appearance of these high order infinities provides another evidence that the anomaly approach is not a correct 
formulation in calculating LECs, at least not for the p 6 and more higher order LECs. Since high order divergence 
term is as an addition part of our general result ([7]), we can not avoid them in our computations. How to deal with 
these high order infinities from negative powers of ml There exists an alternative way, not relying on the low energy 
expansion, to examine this anomaly part contributions in which we must exploit the first equation of @ and we find 



Tr \a[i$ + Jo] - Tr ln[i$ + J] = In Dct [i$ + J n ] - In Dct [i$ + J] 



= In Dct 



= In Dct 



[np R + ntp L ] [J + i$] [np R + tfp L ] 



[np R ■ + p l ][sip r + p L 



- In Dct [i^ + J] 
= Tr In [QP R + tfP L ] [flP R + Stf P L 



(40) 



For our interests, we are only interested in the real part of it, then 



ReTr + J n ] - ReTr ln[i0 + J] = ^Tr In 

= — Tr In 
2 

= — Tr In 
2 



[np R + rtp L ][np R + rtp L ] 
[sip R + rtp L ][sip R + tfp L ] 



[Pr + Pl][Pr + Pl] 



-Trln 
2 

-Trln 
2 



= -Trlnl = . 
2 



pp R + tfp L ]i[np R + ntjyt 
[rt p R + npdfi* p R + np L 



(41) 



Which shows that the compact form of anomaly part contributions to normal part of the chiral Lagrangian is zero ! 

How can this null result be consistent with another divergent result obtained from the low energy expansion ? The 
only possible explanation is that the p order finite term plus all those higher order infinities results a zero ! Is it 
possible ? A well-known positive example is the expansion 1/(1 + x) = 1 — x + x 2 — x 3 + x A — x 5 + x e — • ■ ■ goes to 
zero when x is very large, which implies that the summation of series x — x 2 + x 3 — x 4 + x 5 — x 6 + ■ ■ ■ converges to 
1 when x is very large and each individual term in the series diverges. In the following we take a more realistic but 
simplified example to show that this really happens in our formulation. Our example starts from ((9]) for the case of 
E equal to a constant mass m 



ReTr Inf. 



6 ,M = 2^Vi 



- i^ n l5 - ssi + ipnl5 + m 



2 A^oo / l T 



b = h 



d 4 k 

2 



tre 



C = E + (iV a + a n ) 



— T(k 2 -\-k-b'-\-m 2 -\-brn-\-C) (42) 

(43) 



For simplicity, we ignore the contributions from b' which does not change the key result of our discussion. Then our 
example becomes to investigate following integration 



dr 

T 



k 2 dk 2 t 



-rk —Tin —rbm — rC 



(44) 
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with b and C not commuting each other. We will show that high order terms in the low energy expansion of the above 
integration I will go to infinity when we take to — > 0, but if summing all the expansion terms together, we get finite 
result which corresponds to previous null result of summing all higher order terms of anomaly part contributions into 
a compact form. We use three different methods to finish above integration and explain our point. The first method 
is to vanish m firstly and then to finish the integration, i.e. 



/ 

where 



Ei(-ac) = -/ - — du = 7 + lna; + V — r~x n \x\ < 00 . (46) 

Jl n=l 



The second method is first finishing the integration and then vanishing m, 

I = — k 2 dk 2 e~ T(k2+m2+bm+C) = I — e -T(rn 2 +bm.+C) 



T 



II 



3 

2 



We obtain the same result as that obtained in the first method, therefore interchange the order of integration and 
m — ► limit does not change the result. 

The third method is first taking Taylor expansion in terms the power of b and C which corresponds performing the 
low energy expansion and then finishing integration, finally vanishing to, 

J -hi T JO n=0 n ' ~a? n=0 H ' 



III 



J A 4 g A 2 ^ 1 to 2 A . 2 /A 



" ^ e ~^ ^Ei(-— ) - (6to- 5 + Cto 2 ) — e-Tr + Ei(- 



' 2 m 2 



2to 4 2to 2 2 A 2 'J y '\m 2 K A 2 

2 00 / A _ C\n+3 2 

- 5 »m + C)»Ei(--, + £ ' % + ?, -TC + 1.^) 

n— v ' 

m _>o A 4 2 l^o_., to 2 ^> n! 6 C +3 4 _mi 1 / to 2 

==== -7T - CA 2 - -C-Ei — — - + > — ( ~)" +d m 4 e a* > — ( -— 7 

2 2 A ' (ti + 3) to to ^ M I A 2 

n=0 v ; fc=0 v 



(48) 



m— >0 



We see that there are negative power of to terms which will cause divergence when we take limit to — > 0. This is just 
what has happened for the high order terms in the anomaly part contributions. So if we calculate term by terms in 
above expansion, we will meet infinities which seems contradict with results obtained in first two methods. The only 
way left to escape this contradiction is to sum all these divergences together, to see that what will happen after the 
summation, we introduce a series 

00 J n k 

EstV^b- (49) 

n=0 v > k=0 

in which c = to 2 /A 2 and x = — — — ^ which will go to negative infinity when to — > 0. With the help of relation 
-4-Ei(—x) = ^— and boundary condition g"(0,c) = g'(0,c) = g(0,c) = 0, we find 

OO 71 Iff cx 

g"'(x, c) = X>" E = ' c) = e c [-Ei(cx - c) + Ei(-c)] , 

n=0 fc=0 

g'(x, c) = (x- l)e c [-Ei(cx - c) + Ei(-c)] + -(e cx - 1) , 

c 

g(x, c) = \{x- I )V[-Ei(cz - c) + Ei(-c)] + + 1 + ^{e™ - 1) - . (50) 
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Then (l48l) becomes 



= lira 



lira 



A 4 
2 

A 4 
2 



CA 2 



CA 2 



C 2 Ei(- 
C 2 Ei(- 



m , 
'A 2 ' 

a 

A 2 " 



4 - 

m e 



C 



A 2 



+ -A 2 {-bm-C 
-^ 2 Ei(-S)- 



m 2 )e" 



) + ^(fem + C + m 2 ) 2 
1 



-Ei(- 



-6m — C 



A 2 



+ 1a 



2^2 -- 

m e 



+ 2 A >" 



-) + Ei(- — )] 

+ A 2 (6m + C) 



c 

A? 



4 -- 

e * 



2~ — v A 2 ' 2" ~~ "" ' 2" " " ■ (51) 

It is the same as the results obtained from first two methods, i.e. summing all those infinities together, we obtain 
correct finite result. 

With above discussion, our result now is that total anomaly part contributions to the normal part of the chiral 
Lagrangian vanish ! Just take several individual terms can not reflect the true result of the full action. In fact, finite 
result of the p 4 order plays a role to cancel that summations of all higher order terms which results in the final total 
null result. In this sense, in order to make sense for the p 6 and more higher order divergent terms, we must sum them 
together and then we get p 4 order result with an extra minus sign. To avoid the appearance of divergences in p 6 and 
higher orders terms, what we need to do is to drop out all anomaly part contributions, since divergences from high 
order terms are finally canceled by p 4 order terms. In this view, our general result {Zj must be changed to 

S e $ w -«Ar c ReTrln[i$ + J Q - £(V 2 )] . (52) 

normal part 

In fact in Ref.[ll|, we already show that including in the anomalous part, the total effective action takes the form 
(see Eq.(21) in Ref.[ll|), 



5, 



GND 



-iN c Trln[i0 + J n - S(V )] + Wess-Zumino terms 



(53) 



With this new viewpoint on all anomaly part contributions, we need to modify our original numerical results on 
p 4 order LECs, since it takes into account of the finite values of anomaly part contributions and now we know that 
these nontrivial values must be used to cancel the infinities come from all higher order terms. In Tabic I, we list our 
modified p 4 order LECs for cutoff A =10001JqqMcV. The 10% variation of the cutoff is considered in our calculation 
to examine the effects of cutoff dependence and the result change can be treated as the error of our calculations. The 
result LECs are taken the values at A = lGeV with superscript the difference caused at A = 1.1 GeV and subscript 
the difference caused at A = 0.9GeV, i.e., 



L A= 



IGcV 



^A=l.lGcV-^A=lGcV 



^A^0.9GeV-^A=lGeV 



^A=l 



GeV 



U=l.lGcV- ^A=lGeV 



£A=0.9GeV— ^A=lGeV 



or 



IGcV 



£a=1.1GcV — U-lGeV 



^A=0.9GeV — ^A=lGeV 



(54) 



TABLE I. The obtained values of the p 4 coefficients L\ ■ ■ ■ . Lio for three flavor quarks and h ■ ■ ■ ,le,h for two flavor quarks 
where h = 32 ^ 'ji(li+\n -jp-) for i = 1, . . . , 7, ^i=770MeV and 7, are given in Ref.Q]. Since 77 = 0, we calculate I7 instead of I7. 
Together with the experimental values given in Ref. @] and our old result given in Ref. [H for comparisons. 
Aqcd, A and —(tpip)^ are in units of MeV, and L\ ■ ■ ■ ,Lio,h are in units of 10 -3 . 







Aqcd 




Li 


L 2 


U 


U 


L 5 


Le 


L 7 


L 8 


£9 


£10 


A 


=100011" 
Ref. [4]: 


453;? 2 

484 


260; 9 8 
296 


1 90+0.03 

i -^°-0.04 

0.403 


2 46+ 05 
0.805 


-o.so +0 21 
-3.47 


0+ 00 



1 40-0.01 
1.47 


0+ 00 



u - dl -0.06 

-0.792 


1 02-° 06 
1.83 


8.86l° -j 4 
2.28 


7 4n~ - 29 

-1 .1V +Q 44 

-4.08 




Expt: 




250 


0.9 ±0.3 


1.7 ±0.7 


-4.4 ± 2.5 


0±0.5 


2.2 ±0.5 


0±0.3 


-0.4 ±0.15 


1.1 ±0.3 


7.4 ± 0.7 


-6.0 ±0.7 






Aqcd 




Ti 


h 


h 


h 


h 


h 


h 








A 


=10001™ 
Expt: 


4657^ 


227; 8 6 
250 


4 77-0-17 
' '+0.24 

-2.3 ±3.7 


8.0l!° ^ 
6.0 ± 1.3 


1 07+0.29 
-0.35 

2.9 ± 2.4 


4 34-001 

^•°*-0.02 

4.3 ±0.9 


1 7 qcr+0.53 

K.OO_Q gQ 

13.9 ± 1.3 


19.981"; 44 
16.5 ± 1.1 


a 1O+0. 50 
-8.18_ 43 

0(5) 









In obtaining the result, we have taken the running coupling constant as model A given by (40) of Ref. [4|] and the 
low energy value of this a s is already chosen well above the critical value to trigger the S%SB of the theory. It should 
be noted that a s depends on the number of quark flavors, so does for £ from SDE. In fixing the Aqcd we have taken 
input F = 87MeV. The reason of taking this value is that if the final F n is around value of 93MeV, then our formula 
shows Fq must be located around 87MeV. In Sec. VI, we will exhibit this phenomena explicitly. 
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V. p a ORDER OF CHIRAL LAGRANGIAN: NORMAL PART 



The general form of p 6 order chiral Lagrangian was first introduced in Ref.[l3| and then discussed in Ref . fl4T] . 
Now we can express the normal part of it in terms of our rotated sources as what we have done in (fTO]) for the p 4 
order terms. Considering that our computation is done under large N c limit, within this approximation, terms in the 
chiral Lagrangian with two and more traces vanish when we not apply the equation of motion. To avoid unnecessary 
complicities, in this paper we only write down those terms with one trace 

94 







[ d 4 x 




p G , normal ** 





0( 



1 



(55) 



with O n being p e order operator we could get in our calculation and Z n being corresponding coefficient, O(jj-) are 
consist of the most multi-traces terms. Our computations then give the explicit expressions of Z n in terms of quark 
self energy. The detail expressions are given in (|B1|) . And the definitions of operators O n for n — 1, 2, . . . , 94 are 
given in Table. II, 

TABLE II. p 6 order operators 



n 


O n 


n 


On 


n 


On 


1 




33 


a n a n a ntJ.d u pn 


65 


d z a£ l d u pn 


2 


2 v A 


34 


a n a n {d a aa v pn + pnd^anu) 


66 


d^d^anvdupn 


3 


2 v 2 


35 


U V f 7 i 7 \ 

a n a^{d u ao,^pvt + Pnd fl anv) 


67 


d^sndusn 


4 


Mi/ A 


36 


a^pnannd" an„ 


68 


d^pnd^pn 


5 


M v X 


37 


a nPnan{daanu + d v a na ) 


69 


lV n v nu y n,x 


6 




38 


o-nidua^dySn + d y s n d a a nv ) 


70 




7 


2 iv At 

a n d a n d^anx 


39 


a^(d"a nu d„s n + d"s n d^a nfl ) 


71 


v n v nn aciuaax 


8 


2 t A j 

a o,d v aQd\anv 


40 


a^{d v ani,d a sn + d u s n d"an^) 


72 


V£ v V a x anxanv 


9 


a^ l a^ l (duan v d x aa\ + d x anxd u anu) 


41 




73 


V^{anuV n x anx - a^Vnuxanv) 


10 




42 




74 


Vn U aaVa^anx 


11 


a n a n(^ a a^ a ^ + d x an, J ,d u aax) 


43 




75 




12 


a&a&idvan^anx + d x a n xd ll a ni ,) 


44 


ia^{d^d x VnuX + d v V n x d u a n x) 


76 


iV£ u {an^dvpn + d^pnaviv) 


13 


a^a^a^d^anx 


45 


ia$ 1 (d v a^d x V QvX + d u V a x dxa Q „) 


77 


iV^ipndnanv - d^anuPn) 


14 


a^a^dva^dxanii + d x an u d u anx) 


46 


ia^d^anud^nnx - d v Vnnud x anx) 


78 


iV^ (d tl an v d x anx - d x anxd a aQ. v ) 


15 


a^a^d x au^d\aQ V 


47 


ia^a^VauX - d u V£ x d„a n x) 


79 


iV^d^d^anx 


16 


a n a nd X an v dxanu 


48 


ia£(d»a x d„VnuX - d v V n x d v anx) 


80 


iV£" '(d^a^dxanu + d x an u d v anx) 


17 


a^{d a a v n anu + d" 'an n an„)d x anx 


49 


ia£(d»a x dxVnu„ - d v V n x dxa n .) 


81 


iV£ v d x a nu dxanv 


18 


a a(^ a n a n^ a f2A + d y a^a ny dxa ntl ) 


50 


d »V n »d x Vn v x 


82 




19 


a^d^a^dxanu + d^a^a^d^anx) 


51 


d»V£ x d u V n „x 


83 




20 


a^d" 'anuO^d^anx + d^a^anxd^anu) 


52 


d^ x d v Vnux 


84 




21 


a^d u an„anud x a n x 


53 


d 2 a^d„d x a n x 


85 


iVo" {an^a^aauanx + a X i a n fJ .anxanv) 


22 


a a,d l ' ah a nti,d v anx 


54 


d 2 a v n d x d v anx 


86 




23 


a^a^anndxanu 


55 


d 2 a^d 2 anv 


87 


iVn" ananfianvanx 


24 


a 2 s 2 


56 


d^d"an u d^d x aQx 


88 


„3 

s n 


25 




57 


d^d v aa.ud x dvanx 


89 


snp 2 n 


26 




58 


d^d v ao, v d u d x a n x 


90 


snPfid^anu 


27 


dnPnannpn 


59 


d^d'^a^d^anx 


91 


snd^anuPn 


28 


a-nisndnPn + d^pnsn) 


60 


d tl d u a x l d a dxanu 


92 


snd^a^duCinv 


29 


a^ipndasn + d^s^pn) 


61 


d ll d u a x l d l ,d ll anx 


93 


snd^a^d^an^ 


30 


a 2 a d v an„pn 


62 


d^d^a^d^dxann 


94 


snid^a^) 2 


31 


aliPnd" anv 


63 


d^d u a x l dxd v aau 






32 


a 2 n a v n dvpn + a^a 2 ^d u pn 


64 


d^ l d u an u d u pn 







where some operators have i in front of them to insure their coefficients being real. In Ref. [l4| , p 6 order operator was 
denoted by Yi for the case of n flavor with coefficient Ki [lj| , Oi for the case of three flavor with coefficient Ci and 
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Pi for the case of two flavors with coefficient c,, 



Soft 



p G , normal 



^ KiYi + 3 contact terms 

?:=i 

90 

CiOi + 4 contact terms 

53 

CjPj +4 contact terms 



n flavors 



three flavors 



two flavors 



(56) 



Consider that our paramctrization of the p e order chiral Lagrangian (|55p is general to the case of n flavor quarks, 
there exist some relations among our coefficients and n flavor coefficients given in (|5B| . With the help of computer 
derivations, we have worked out these relations and list them in Apendi^Cl As a check, we vanish the quark self 
energy £ in the codes which corresponds to take m = before other further calculations and find null p 6 result. This 
verify the analytical result discussed in Sec. IV that the anomaly part contributions do not the contribute to normal 
part of chiral Lagrangian. Another consistency check is done for those operators which have two terms combined 
together by C and P symmetry requirements. For n flavor case, such operators are Og, On, Oi 2 , O14, On, Ois, O19, 

Q20, 2s , 2 g, O32, 3 4, O35, O37, O38, C>39: O40, O44, O45, 46 , O47, ^48, O49, O73, 0*iq, O77, O78, O s0 , O s2 , 084, 

Os5- Since in each of these operators, there are two terms, we can compute the coefficients in front of each terms and 
check if they are same. We have done the checks for all these operators and all obtain the same analytical expressions 
for the two terms in the same operator. This partly verifies the correctness of our result given in (|B 1[) . From n 



flavors to three flavors, there are some extra constraints (see (Bl) in Ref. fl4|) which make some operators depending 
on others. Further from three flavors to two flavors, there are also some extra constraints (see (B3) in Ref.[l4|) which 
make some more operators depending on others. The sequence number for n flavors, three flavors and two flavors are 
different, their comparisons are list in Table 2 in Ref . [l3] . 



VI. NUMERICAL VALUES OF p 6 ORDER LECS: NORMAL PART 



With all above preparations in previous sections, we now come to the stage of giving numerical values to the 
p e order LECs in the normal part of the chiral Lagrangian. Note the necessary input and process of the present 
computations for the p e order LECs are the same as those for the p 2 and p 4 order LECs given in the end of Sec. IV, 
we list the numerical result in Table. Ill, as done in Tabled, the result LECs are taken for the values at A = lGeV 
with superscript the difference caused at A = l.lGeV and subscript the difference caused at A = 0.9GcV, 



C A = 



IGcV 



C"a=i 



'-Ca=i 



CA=1GoV 



Ca— 0.9GeV _ Ca— lGeV 



CA=l.lGeV— CA=lGoV 



CA=0.9GeV — CA=lGoV 



We further list result of the p 6 order LECs at A = oo in Table. IV. Consider that in the limit of A — oo, dropping 
out momentum total derivative terms in Eq.(14) is problematic, we only take result LECs at A = oo as a reference. 
Since the terms of three flavors and two flavors may have different sequence numbers, as done in Ref. [bij . we put 
them in the same line in our table. Since the number of independent operators in the two flavors is smaller than that 
in the three flavors, there are some operators in three flavors being independent operators, but being dependent in 
two flavors, then these operators will not have their two flavor counter parts in our table, these leave the r.h.s. some 
empty blanks in the corresponding two flavor columns. For two flavor case, Ref. [l6l| further propose a new relation 
among operators, 

= 8P1 - 2P 2 + 6P 3 - 12Pis + 8P14 - 3Pi 5 - 2Pi 6 - 2OP24 + 8P 25 + 12P 26 - 12P 27 - 28P 28 + 8P 36 - 8P37 

-8P39 + 2P 40 + 8P41 - 8P 42 - 6P 43 + 4P 48 , (57) 

which implies that one of the operators appears in above formula should be further dependent operator. Due to 
ignorance of the values of the coefficients in front of these operators, Ref. [l6[ arbitrarily chooses this operator being 
P27. Now our computations show that C27 7^ 0, so original choice is not suitable. Considering that C37 = in our 
computation, we instead now take P37 as that dependent operator. P 37 now is a dependent operator, its name then 
is deleted in our Table. III. 

To verify our choice of Po = 87MeV will really results in experimental value of P ff , we exploit the relation between 
P and P w given in Ref. [13] 



= 1 + x 2 (l r 4 - L) + xl 



16tt2 1 2 1 2+ 12 ' 192 (16^ 2 ) 2 



-M +k 2 - 21111 + 2(Q 2 - 



+ 0(x 3 2 ) ,(58) 
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x 2 = -=f L = — ^ In -£ = (4Z[ - 7 iL)i rj. = (8c 7 + 16c 8 + 8c 9 )F 2 from Ref.pl , (59) 

in which and 7, for i = 1, 2, . . . , 7 are defined in Ref.0]. Scale is taken to be p mass /i = M p =770McV. Numerical 
calculations show that for A = lOOOj^QgMeV, the contributions up to order of p 4 (ignoring x\ terms in (|58]l) give result 
F„ = 92.99l;°3MeV and the contributions up to order of p 6 (ignoring x\ terms in (fB"8]l ) give result F v = 92.97t o4MeV 
with r r F = — 5.036^1290 x 10~ 5 - We see that the p 6 order contributions to F n are very small and Fq = 87MeV is 
directly relate to F n = 93McV. 

TABLE III. The obtained values of the p 6 order LECs Ci ■ ■ • , C90 for three flavor and ci ■ • • , C53 for two flavors. 
The LECs are in units of 10" 3 GeV" 2 . The result LECs are taken the values at A = lGeV with superscript the difference 
caused at A = l.lGeV and subscript the difference caused at A = 0.9GeV. The value = means that the constants 
vanish at large N c limit. 
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TABLE IV. The obtained values of the p order LECs Ci ■ ■ ■ , C90 for three flavor and ci • • ■ , C53 for two flavors. 
The LECs are in units of 10" 3 GeV" 2 and are taken the values at A = 00. The value 
= means that the constants vanish at large Af c . 
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VII. COMPARISONS WITH EXPERIMENT AND MODEL RESULTS 

As we have mentioned in the introduction of this paper, present experiment data is far enough to fix the p 6 order 
LECs. But there do exist some combinations of the LECs which already have their experiment or model calculation 
values. Usually, these LECs are labeled by dimensionless parameters with convention 4 of G\ = CiFg or c\ = c%Fq. In 
this section, we collect those combinations of LECs in the literature which have their experiment or model calculation 
values and compare them with our numerical results obtained in the last section with finite cutoff 5 as the check of 
our computations. 



4 An alternative convention is that C\ and are used to denote the renormalized LECs in some literatures. 

5 If the LECs at finite cutoff are replaced with those at A = oo, we have checked that qualitative feature of the comparisons results of 
this section will not change. 
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A. 7T7T and nK scattering 



From the investigation of tttt scattering amplitudes, one can work out the values of some combinations of p 6 order 
LECs. Ref.[l5[ introduces following combinations, 

r{ = 644 - 64^ + 324 - 32c£ + 324 - 644 - 1284 - 644 + 96c ? 10 + 192c^ - 64c' 14 + 64cJ 8 + 96cJ 7 + 192c£ 8 

4 = -964 + 96^ + 32^ - 324 + 32c£ - 64cg + 32c 7 + 644 + 324 - 32c r 13 + 32c r u - Mc r 16 

rl = 484 ~ 484 - 404 + $4 - 44 + 8c r 6 - 8c r 12 + 20c r 13 

4 = -84 + 44-84 + 84 2 -44 3 

4 = -84 + 104 + 144 

4 = 64 + 24 (60) 

and gives the values of them by two theoretical methods of the resonance-saturation (RS) [l8| and pure dimensional 
analysis (ND) which only accounts for the order of magnitude and in Table. V. 

TABLE V. The obtained values for the combinations of the p 6 order LECs from tttt scattering and our work. 

The coefficients in the table are in units of 10 -4 





T\ 


r r 
r 2 


r r 
r 3 


rl 


4 r l 


RS in Ref. [15] 


-0.6 


1.3 


-1.7 


-1.0 


1.1 0.3 


ND in Ref. [15] 


80 


40 


20 


3 


6 2 


ours 


_ q 00-2. 62 

y ' oz +3.51 


8.93±i$ 


-3 06-°- 81 
J - uu +i.n 


-0 19+- 022 
u - lz -0.29 


n O7+0.04 n /I9+0.02 
U - 87 -0.06 U -42_ .03 



We see that all coefficients obtained from our calculations are consistent with those more precise RS results given 
in Ref. 15|. With our predictions for p 4 and p 6 order LECs, we can directly calculate the scattering lengths a\ and 
slope parameters b\ which relate to p 4 and p 6 order LECs through formulae given in Appendix C and D. of Ref. (l8| . 
We list experimental and our results in Table. VI. In our results, as done in Table. Ill, we take n = 770MeV, but to 
match the result given in Ref.[l8[ where fi is taken at /i = lGeV, we also take /i = lOOOMeV for comparison. We take 
two options, one only includes p 4 order contributions and the other combines in p 6 order contributions. For p 6 order 
contributions, for comparisons, we consider the cases of without and with rj coefficients. 

TABLE VI. The obtained values for a\ and b\ in tttv scattering from experimental values given by Ref. [3 and our work. 









b° 


-10a 2 , 


-106g 


10a} 


10 2 b\ 


10 2 a° 


10 3 a 2 




Ref. [19] 


.26 ± .05 


.25 + .03 


.28 + .12 


.82 + .08 


.38 ± .02 




.17+ .03 


.13+ .30 


P 4 
P 4 


H = 10 3 MeV 
H = 770MeV 


21 n -.ooo 

• zlu + .000 

204 -.ooo 
■ zu ^+.ooo 


2fin -.ooo 

94 o-.000 

• z48 +.ooo 


•^ UD -.ooi 
411+.001 


fifi2 -.002 
• ooz + .003 

• ooo + .003 


• 4UO -.002 
40] +.001 
•^ ui -.002 


77O + .015 
• ' ' z -.020 

779 +. 015 
• ' ' z -.020 


264+ 002 

• ZD ^-.003 
O or + .002 
■ zoo -.003 


1QC-.009 
• lao +.012 

076~°™ 

• u '°+.012 



6 in3l\/r„^ r In OQ7--°00 on7--°00 on/1 +001 «q7--004 /1/1 7+.002 i nrr + - 029 A01+- 005 goo,-- 011 

p° ii = 10 J MeV r[ / . 237+.00Q .307 + 000 .394_ 001 .637 + 005 .447_. 003 1.255_ 037 -421_ 008 .339 + 011 

jfi „ = lO^MeV 4 = .237;;°™ .305:;°™ .3921;°°} .629;;°™ .445™ l.217±™ .409t;™ 4 .337;.°™ 

p« „ = 770MeV 4 + .228;;°™ .287;.°™ .4021;™} .665;;°™ .435™ 1.164™ .363™ .212™ 

I g = 770MeV 4 = -227;;°,™ .2851;°™ .4004°,°} .657;;™! -433™ 1.125™ -352™ .210;.°™ 



We see that the contributions from p 6 order LECs are rather small and only change the third digit of the result. 
Further, Ref. [20| introduce coefficients in nK scattering 

= 3277^+ (-C[ + 2CI + 2C\) , c 20 = 6m K + (-C[ + 2C^ + 2CJ) , 

c+ = 8m 2 K+ (3CJ + 6C3 - 2(71) , 4a = \{-^{ - 32C r 2 + 2C r 3 + 10CJ) , 

C+ = 16m^ + m2 + (C«r + C r + C r Q + ^ _ ^ _ 3^ + ^ + + 16m ^ + ( ^ + + ^ 

+4^ - 2C[ 2 - 4C[ 3 + 2C r 22 + 4C 2 r 3 ) , 
c w = 8m K+ ml + (-AC r 4 - C r 6 - C r 8 + C[ + 2C r n - 2C[ 2 - 6C[ 3 + 2C 2 r 2 - 2C 2 r 5 ) + 8m 3 K+ (-4CJ - C 5 r 

-2CS + CTo + 4CT a - 2C[ 2 - 12CT 3 + 2C 2 r 2 - 2C 2 r 5 ) , 
c+ = m 2 K+ (12C[ + 48C 2 r - 8CJ + + 10C^ + 8C^ + 4C 8 r + C[ + 4C[ 1 - 2C[ 2 - 4C[ 3 + 2C' 22 

-4C 2 r 3 + 4C 2 r 5 ) + ml + (12C[ + 48C 2 r - 8C 4 r + 4C 5 r + 5C 6 r + 8C 7 r + C r s + C[ + 2C{ X - 2C[ 2 

-10C[ 3 + 2C r 22 - 4C^ 3 + AC r 25 ) . (61) 
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In the table 1. of Ref.[2l|, in terms of c^ , c 41 , c 20 , c^, three constraints of p 6 order LECs are fixed from ttK sub- 
threshold parameters, tttt amplitude and a resonance model. And in the table 2. of Ref . [zT[| . in terms of c 2a , Cg l5 c^ , 
another three constraints of p 6 order LECs are fixed from the dispersive calculations and a resonance model, 

TABLE VII. The obtained values for the combinations of the p 6 order LECs from ttK, tttt scattering and our work. 



The coefficients in the l.h.s. of the table are in units of KT 4 GeV 





Ci + 4C 3 


c 2 


C* 4 + 3C 3 


d + 4C* 3 + 2C 2 


+ m Z 

C 20"FT 


+ ' m 7V 

c oi"F 


- < 

c 10 F 4 


input 4,,c+,c 20 


20.7 ±4.9 


-9.2 ±4.9 


9.9 ±2.5 


2.3 ± 10.8 








input c^ Q ,c^,c m 


28.1 ±4.9 


-7.4 ±4.9 


21.0 ±2.5 


13.4 ± 10.8 


Dispersive 0.024 ± 0.006 


2.07 ±0.10 


0.31 ±0.01 


tttt amplitude 






23.5 ±2.3 


18.8 ±7.2 








Resonance model 


7.2 


-0.5 


10.0 


6.2 


Resonance model 0.003 


3.8 


0.09 


ours 


35.9±H 


0+ 00 
u - u -o.o 




35.9t^ 


ours O.OOe^HSa 




20+ 037 

u - uzu -0.050 



In which for l.h.s. of the Table VII., except C 2 , all other LECs or combinations of LECs obtained by us have the same 
signs and orders of magnitudes as those from Ref.JH]]. While for r.h.s. of the table, our results are not consistent 
with those obtained from the dispersive calculations. 



B. Form factors 

In Ref. [Till . in dealing with the vector form factor of the pion, r vl and r V2 are introduced into theory which relate 
to p 6 order LECs through 

r vl = -IQcl - Ac\ b - 8c^ 3 , r V2 = -4cT 61 - 4c£ 3 . (62) 

While for the scalar form factor, people introduce r r S2 and r£ 3 relate to p 6 order LECs by 

r r S2 = 32cg + 16c r 7 + 32^ + 16c£ + ^0 , r S3 = ~K ■ (63) 

In Ref. [TBI] . discussion of the decay of ir(p) — > ev^i(q) further introduces r r A1 and r r A2 relate to p 6 order LECs by 

r A1 = 48c£ - 16^ + 8c r 35 - 8c 44 + 16< 6 - 16cJ 7 + Sc r 50 , r A2 = 8c^ - 16c^ + 4c& . (64) 

In Ref. [13], a naive estimation of C\ 2 is made from scalar meson dominance (SMD) of the pion scalar form-factor 
and 2C[ 2 + C^ A is estimated through Ao in K13 measurements (see Eq.(8.11) in Ref. (22|). While in Ref. [11], C\ 2 
and C[ 2 + C 34 are also estimated from the 7r.fr form factors. In Table. VIII, we list the numerical results for above 
combinations of LECs given by our calculations based on Table. Ill in last section and by Ref. [l5l] . [22I] . [23l| . 

TABLE VIII. The obtained values for the combinations of the p 6 order LECs appear in vector and scalar form factor of pion. 



the coefficients in the table are in units of 10 



ours 


Ref. [15] 


ours 


Ref. [15] 




ours 


Ref. [15] 


r 9 -,0+0. 30 
>V1 z - lo -0.39 
~.r 9 90+O.IO 
<V2 z - zo -0.16 


-2.5 
2.6 


r S2 

r n 9r.-O.Ol 
'S3 u - zu +0.01 


-0.3 
0.6 


r Al 
~A2 


1 14+0-07 

n oo-0. 06 
u -°°+0.08 


-0.5 
1.1 



ours 


Ref. [22] 




ours 


Rcf.[23j 


L 12 U.UZO_ 001 

2C[ 2 + C' 34 0.068^qo"o 


-0.1 
-0.10 ±0.17 


°12 
u 12+ °34 


-0 026+ 001 
u.uj+ +0 011 


(0.3 ±5.4) x 10" 3 
(3.2 ±1.5) x 10~ 2 



From which we see that among ten parameters between our predictions and values given in the literature, four of 
them have the same orders of magnitudes and signs (rL, ry 2 , r^ 3 and C[ 2 + CJ4), another one of them has different 
orders of magnitudes but the same signs (C\ 2 in Ref. [22|) , the left five of them have opposite signs (r r S2 , r A1 , r A2 , 
2Cf 2 + 6*34 and C[ 2 in Ref.[23|). 

Further in Fig[TJ we compare the experimental data for vector form factors collected in Figure 4. and Figure 5. of 
Ref. [l7| with our results. In obtaining our numerical predictions, we have exploited the formula given by Eq.(3.16) 
in Ref. [l?} which especially depends on p 6 order LECs through r vl , r V2 defined in ([62]) and we input the formula p A 
and p 6 LECs obtained in Table. Ill of the last section. 

From Fig[TJ we see that p 6 order LECs explicitly improve the p 4 and p 2 order chiral perturbation predictions and 
making them being more consistent with experimental data. 
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FIG. 1: The space like and time like data for the vector form factor. 
The red solid curve corresponds to predictions from chiral perturbation up to p 6 order with LECs obtained in 
Table. Ill of this paper. The red dashed line is the result by vanishing p 6 order LECs in corresponding red solid 
curve. The blue dot-dashed curve corresponds to predictions from chiral perturbation up to p 4 order with LECs 
obtained in Tabled of this paper. The blue dotted line is the result by vanishing p order LECs in corresponding blue 
dot-dashed curve. The black x-axis of with F^l 2 = 1.0 corresponds to predictions from p 2 order chiral perturbation. 




C. Photon-Photon Collisions 

In Ref.(24|. discussion of the photon-photon collision 77 — > tt°tt° introduces a\, a 2 and b r relate to p 6 order LECs 

by 

a[ = 4096^29 ~ C30 + 4' = 256^(8^ + 8^ + ^ + ^ + 2^) b r = -128^ 4 (c' 31 + c r 32 + 2c r 33 ) . (65) 

While in Ref . [25| . calculation of the photon-photon collision 77 — > tt + 7t~ introduces another type of a\,a 2 and V 
relate to p 6 order LECs by 

a{ = -4096^ 4 (6cg + c r 29 - cl - 3c r 3i + c r 35 + 2c r 46 - Ac\ 7 + cg ) , 

a 2 - = 2567r 4 (8c^ 9 - 8c r 30 + c r 31 + c r 32 - 2c r 33 + 4c r 4i + 8c r 5Q - Ac r 51 ) , (66) 
¥ = -1287r 4 ( C 5 1 + C 5 2 -2c5 3 -4cL). 

In Table. IX, we list the numerical results for above combinations of LECs given by our calculations based on Table. Ill 
in last section and by Ref. [24| and [25[ . 

TABLE IX. The obtained values for the combinations of the p 6 order LECs appear in photon-photon collisions. 



ours Ref. [24] 


ours Ref. [25] 


a\ -5.65+?|g -14 ±5 

a r 2 3.79±S:8i 7 ± 3 
b r 1.66±8;g| 3±1 


a\ -5.86 + o; 5 g -3.2 
«2 -0.98;°;? 2 7 0.7 
V -0.23+°$ 0.4 



For which we see that among six parameters between our predictions and values given in the literature, except two 
have opposite signs, other four all have the same orders of magnitudes and signs. 
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D. Radiative pion decay 



In Ref.(26[, through reanalysis of the radiative pion decay, a group of p 6 order LECs are fixed. 
TABLE X. The obtained values for the combinations of the p 6 order LECs from pion radiative decay and our work. 



The coefficients in the table are in units of 10 





rir 
Ly 12 


°13 


s~ir 


sir 
°62 


zo 63 °65 


u 64 


Ref.[26] 


-0.6 ±0.3 


0±0.2 


1.0 ±0.3 


0±0.2 


1.8 ±0.7 


0±0.2 


ours 


-0 96+ 01 
u - zo -o.oi 


0+ 00 
u - u -o.o 


9 1 O-0.17 
z - io +0.20 


0+ 00 
u - u -o.o 


fi 36~ 042 

°-°°+0.56 


0+ 00 
u - u -o.o 




nr 
°78 


°80 


s~ir 
u 81 


sir 
82 


fir 


°88 


Ref.[26j 


10.0 ±3.0 


1.8 ±0.4 


0±0.2 


-3.5 ±1.0 


3.6 ± 1.0 


-3.5 ±1.0 


ours 


i3.26±°:SS 


66" 03 

U - DO +0.02 


o o +0 -° 

u - u -o.o 


_R qo-o.24 

d - OJ +0.39 


E 7 o+0.28 
°- '°-0.45 


4 ' 14 +0.78 



Wc find that all LECs and combination of LECs from our predictions have the same signs and orders of magnitudes 
as those from experiment values. 

E. Model calculations 

Except above phenomenological estimations on the values of some LECs, there are model calculations for some 
others of them and most of these analysis use a (single) resonance approximation. In contrast, our calculations do 
not rely on the assumption of existence of resonances. In this subsection, we list down these calculation values we can 
collect from the literature and compare with our results. 

Ref.[13| estimates values of some LECs. 

TABLE XI. The obtained values for the p G order LEC in Ref.^ and our works 
The coefficients in the table are in units of 10 _3 GeV- 2 







sir 


°38 


C<31 


fir 
°80 


s~ir 
°87 


Rcf.[2JJ 
ours 


-4.3 
-0.831°- 


-2.8 

-o.48jS;» 


1.2 

r. 41 -0.08 2 


1.9 

OO-0.22 
oo +0.26 


1.9 

°- 87 +o:o3 


7.6 

7 c.7+0.37 
'•°'-0.60 



For Cg 3 and Cg 5 , Ref.[28T] gives the value for their combination 2Cg 3 — C 65 = (1.8 ± 0.7) x 10~ 5 which, compares to 
our result of 6.36^g;gg x 10 -5 , is at the same order of magnitude and has the same sign. 
For Cg 7 , there are several works to estimate its values, we list them in Table. XII. 

TABLE XII. The obtained values for the p 6 order LEC Cg 7 
The coefficients in the table are in units of 10 -5 
ours Ref.[29] Ref.[30] Ref.[3lT~ 
C% 7 5.73±g;|| 3.1 ±1.1 4.3 ± 0.4 3.70 ±0.14 

where Cg 7 given in Ref.[3(3| and (HI are in form of Cs7 in unit of GeV -2 , we have transformed them into our expression 
of C£ 7 with Cl 7 = C 87 F 2 . 

Further, Ref.[32| exploits resonance Lagrangian estimates values of LECs C 7 s, Cs2, CW, Cs 8 , Cgg, C90. 

TABLE XIII. The obtained values for the p 6 order LEC from resonance Lagrangian given by Ref. [33] and our work 

The coefficients in the table are in units of W~ A /Fg 





C*78 


C*82 


C*87 


C 8 8 


C*89 


C90 


Lowest Meson Dominance 


1.09 


-0.36 


0.40 


-0.52 


1.97 


0.0 


Resonance Lagrangian I 


1.09 


-0.29 


0.47 


-0.16 


2.29 


0.33 


Resonance Lagrangian II 


1.49 


-0.39 


0.65 


-0.14 


3.22 


0.51 


ours 


1 Q9fi+ 077 
i.ozo_ 120 


-0 r,QO-0.024 
U.dO» +0 q 39 


n =70+0.028 


u - 414 +0.078 


9 630+ 122 
z.uou_ 198 


U.lOO +0 035 



We find that our results are consistent with those obtained from resonance Lagrangian. 

Ref-HU estimates the value of C38 and gives C^ 8 = (2±6) x 10 -6 which is also consistent with our result of 

C38 = 3-l + o^ x • 
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In terms of resonance exchange, Ref.[34| proposes some relations among different p 6 order LECs, 

C20 = — 3C21 = C32 = 7C35 C24 = 6C28 = 3C30 . (67) 

o 

To check the validity of these relations for our results, in Table. XIV, we write corresponding values obtained in our 
calculations 



TABLE XIV. The obtained values for the p 6 order LEC from our work 
The coefficients in the table are in units of 10 _3 GeV -2 



C20 


— 3C21 C32 


h°35 


C24 


6C 28 


3C30 




n -,0-0.03 n 10-0. 03 
U - iS +0.03 U - i8 +0.04 


°- 028 +0.'o28 


1 fi2 +004 


1 00+0.06 
-L-^-o.oe 


1 on+o.06 



We see that except C35, all the other LECs satisfy the relations. 

VIII. SUMMARY 

In this paper, we revise our original formulation of calculating LECs from the first principle of QCD to a chiral 
covariant one suitable to computerize. With the help of computer, we successfully obtain the analytical expressions 
for all the p e order LECs in the normal part of chiral Lagrangian for pseudo scalar mesons on the quark self energy 
S(fc 2 ). The ambiguities for anomaly part contributions to the normal part of the chiral Lagrangian are clarified and 
we prove that this part totally should vanish and therefore need not to be considered in our computations. Since our 
calculation is done under large N c limit, only operators of p 6 order with one trace and some multi-traces from the 
equation of motion survive in our formulation. We set up relations among the coefficients in front of these operators 
and LECs defined in Ref.[3]. Then with input of Fq =87MeV to fix the Aqcd in the running coupling constant 
of a s (k 2 ) appear in the kernel of SDE and choose cutoff of the theory being A = lOOOi^gMeV and A = 00, we 
calculate all p 6 order LECs numerically both for two flavor and three flavor cases. Compare our result LECs with 
those combinations which we can find experimental or model calculation values in the literature, we find that except 
few of them have wrong signs, most of our predicted combinations of p 6 order LECs have the same signs and orders 
of magnitudes with experiment or model calculation values. This sets the solid basis for our p 6 order computations. 
For those combinations with wrong signs or wrong order of magnitudes with experiment values, we need further 
investigations. Based on these obtained p 6 order LECs, we expect a very large number of predictions for various 
pseudo scalar meson physics in the near future. 
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APPENDIX A: LOW ENERGY EXPANSION FOR e B , E((fc + F) 2 ) AND B 
In this appendix, we first list down the p 3 , p*, p 5 and p e order low energy expansion result for e B used in (1201) . 



dt 3 ' 



,B(t) 



t=0 



dt 2 



t=0 



f[Ad(-B )](B 1 ) + -e 



B(t) 



t=0 



2 f t [Ad(-B(t))] 



(B 1 )+2f[Ad(-B )](B 2 ) 



\'Ll[Ad{-B(t))] 



t=o 



(B 1 ) + 2-L[Ad(-B(t))} 



t=o 

(B 2 ) + f[Ad(-B Q )](B 3 ] 



t=o 



(Al) 



_ p B(t) 
dt* 



t=0 



dt 3 
a 

+ dt 



,B(t) 



!L e B{t) 



/[Af(-fl )](Bi) 



t=o 



t=0 



d 2 

dt 2 



t=0 



3f t [Ad(-B(t))} 



(B!) + 3/[Ai(-A))](Ba) 



i=0 



3^l[Ad(-B(t))} 
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t=0 
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Then, we list down the p 3 , p 4 , p 5 and p 6 order low energy expansion result for E((fc + F) 2 ) used in ([32]) . Note traceless 
terms in p 5 and p e orders are dropped out. 
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-o(^A)(pzycr)fc p S" + -(/^A)(/w)fc A £ fc — — — - - -{nvX){pva)k^l k 



9^ ' ' k dkPdk x dk° 9^ ' A k dk^dkPdk" 9^ nr ~ ' k dk x dkPdk° 

i a 3 i a 3 i a 3 

-^Xp)(v*)k^> dk ^ dkPdka - -(pvX P )(pa)k x K dk „ dkPdk „ -{pv^)(p*)k P K dk , dk x dk „ 

i a 3 2 a 3 i a 3 

--(^A)(pa)^X^— — - -(^AXp/^E" - -Oii/A)(p£<r)* tf E2 



£ / p k dk v dk x dk a 9^ ' k dk x dkPdk° 9^ - ; k dkPdk x dk° 

i a 3 i a 3 i a 3 

--(^(AHfc^ afc^x^ " 8 { ^ x){p<7)kpj: hk»dk x dk° - 8 ( ^ )(v)(Aff) ^^aFa^aF 
i a 4 i a 4 i a 2 

-o(^Ap)(At7)S fc — — — — - -((ivX)(pva)Z k a . lia . Xa ,„ ajmfr + -{^v){Xp){pM)k u kx^ k 



8^ ' ' K ~ ' k dkPdk v dkPdk° 9^ ' k dkPdk x dkPdk° 6^ ,y ry - ' fc a^a/^ 

i a 2 2 a 2 i a 3 

.-{^Xp){a6)k^kMka^'k q^^s ~ g(^)(P°t)kpk„k p k a i; k "' dkXQkS - - (fiuXp) (aS)k v k x k^' dk ^ dkp£)k s 

i a 3 2 a 3 2 a 3 

i a 4 2 a 4 i a 3 

-(nuXp)(aS)kxk a S' k '— — — — — -j - -{p V X){pa8)Kk a Ysl— — — — - -{pv){Xp){a5)k tl kxk a Y 1 l k n 



4 \r h,\ k dkPdk v dkPdk s 9^ /VP ; " CT k dkPdk x dkPdk 5 A KA ; " A CT fe dk^dkPdk 5 

+traceless terms . (A8) 



Finally, we list down the p , p , p , p order low energy expansion result for _B used in (|18[> . 

d d d d 

-3i(/^A)7„7AT— + 3m^(j/a^)7 M 7AT— + 3z'(/xa^)a n 7 I ,7Ar— - 3w^(^)7a7m t ^7 

-3i(pM^)a&xluT— - 3(^V a ^V af A 2 )7^7A75T^ r - 2i(^)r— + 6w^(i/asi p )r— 



a a 

6i(fian)aQ V T— - - 12i(fxsa)Tk fl E k + 12(p,p n )-/ 5 Tk p T,' k - 12i(/is n )TSfc— - 
4i(^/i^)rfc 1/ E fc S' fe ' + 4i(/x/z^)rfc y E' fc 2 - ^i(pvX)rk v " - 4i(/Lt/xi/)rE fc E 



%?a^- 4l( ^ )Tl]feS] ^ 



a a 

-6i( / u/£a^)7 1/ 7 5 rE^. - 12i(^a n )7 A 7 5 rfc jU fc I ,E' fe / - U(p,ua n )ixlhTk^ k — - 6i(fiua Q )'yxl5Tk v 'E' k — 
-6i(/iw^)7A75-rE fc — — 7 + 2>{nv)a Q ^ 5 T— + 3< 2 (/w/)7 5 t— - 6i(fj,u)a n jx^5Tk^E' k — 

a a a 2 a 

+3(^a f2Al ) 75 T— + 3(/i^a^)7 5 r— + ^va^rkx ~ 6&u/A)7 M rfc„£j^ 

-&{ppy)^ v TY:' k + 12(p,vX)^ v Tk ll kxT 1 ' k ' + 6((ivX)j v TkpT, k —^ + ^{pvX^^kx^^-^ (A9) 



a .,,,„„„ a , , „,n a .,,„„, a 



2 



-6iafj(^A)7 M 75rfc^E' fe —T- - 8i(pvX)Tk p k v Y lk Y 1 l—r- - 8i(pi>X)Tk l j,kvT, k 2 — -j- - 8i{^vX)Tk v T, k Y:' h 



dk x "•v~"J-i>»»-'>-* dk x k dkX ^ y ^~r-»^ kdkP , dk x 

d d d 

Bi = -24s 2 2 r - 24p 2 2 r + 24i[s u ,p a ]7 5 r + 2Ai{pd v s n ) ly T— + 2A{pd v p n )lu^T— - 2Aa^{vs n ) ltllb T— 



d d d d 

— + 24ia^(vpnh P T— + 24i(^) Pn ^T— - 2is n (fia u n )^ 5 T— 

a a .... , „ a , x a 2 



-24(/i Sn )a^7.75T^ 7 + 24^0^)7^^ + 24i(/xp fi )a^7 I/ r— - 6 (^ X Ph x 7p T Q kl i dk „ 

Q2 q2 q2 

+ 6a n(" Xa nh^P T dk „ dk x + 12 (P a ^( Xa nh^p T dk p. dk x + 6(m^4)«o7a7p^ g fcA1 g fc , 
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Ql Q2 Q2 

-§a^{v\a p n ) lpl ^T—— - 12(fj,a v (1 )(Xa^ p j v T , - 6(/jra fi )o^r 



dfc^fc* ^ 9/^9fc A v ^ w U,PIA dk^dk" 

+HMd X < - ^a^)) 7A7p75 r^ ; - 3M)r^ - 3(^)7-^ + ^(^Jr^A^ 

+24( M < 2 )(Aa^)r^A x + 12(^)a nA r^A^ - 12(^)(^)rS fc S^ - 12(^)(^)rS', 2 

9 2 9 
-^{^{fjXjT + 8(wv)a^xl5TK^ - 8(^)a A 2 7A75rE' fe — - 24( / u/xs n )rS' i . - 24i(/xMp)7 5 rE' fe 

9 9 
-A8(iJ 1 usQ)Tk l j,k v E k - i8i(fj,vpa)'Y 5 Tk^k v E k _ 2 4(iivsn)TkpE k -— - 24z(/iz/pn) 7 5^ S fc ^^7 

9 9 9 2 

-2A(nvsQ)TKT, k — - 2Ai(jxvp Q )i 5 Tk l ,E k — - 2A{^vs n )TT, k - ^i^uuX^^rkx^ 

9 9 
+8i(//^A)7 Al rS fe ^ I + 8a^(wA)7 M 7 5 Tfc A S^ - 80^(^)7^75^^.^ + 8(^wA)rfc A1 fc A S fe Efc" 

_9_ 

: 9l^ 

5 5 5 (9 

. — - 12(/i/£i^A)r^E,.E fe ^ x - 6(/iwA)Tfc M S t S^ - Q^v^tKY.^—^ 

d d d d 

-6(j*vv\)Tk\Tl' k + 6(Mi/MA)rfeAE' fe — - 12(/i/£i/A)rfc y E^. ^ - 6(/iwA)rfc M Ej|. 2 

9 , , „, 9 it/ \ , „, 9 . s , 9 3 



-8{/j,Pfj,X)TKkx^kK' + 24(/iwA)rfc jU fc A S / fe E^ + 24(/ij//iA)r^fc A E' fc E^ + 6(>wA)Tfc A E fe E' fe '- 
-6(^^/xA)Tfc A E fc E' fc '- S7n; - 12(/^/ij/A)Tfc jy E fc Efc- ST:x - Q^wXjrk^iZ^'l^j - 6(^^/xA)rfc y E fc Efc- 



-6(/i^A)rfc i/ E' fe ^ - 24{^)snTk^' k — + 24i(f*v)pa75Tk fJ ,Z k — - 6(^Ap)rfc A q^q^q^ 

9 2 9 2 9 2 

-&{nvv\)T^ k % dki±dkX - 6(/^/iA)TE fc E/, ___ _ \2i(nv)(\a a ^T dkuQkX - 16(/iz^a fi )7A75Tfc M E£ 

9 

-8(/ii/i/a n )7A75TE' fe — - 16( / ui//xaQ)7 A 7 5 rfc, y E' fe ' - 16(^a^) 7A 7 5 rfc 1/ Efc - 32(^Aa p )7 P 7 5 Tfc p fc I ,fc A E^ 

9 9 9 

-16(^^Aa^) 7p 7 5 rfc i ,A: A E / A !— - 8(^Ma^) 7A75 TE' fc — - 16(^Aa^)7 P 7 5 rfc Al fc A E^ — 

9 2 9 9 

-8(^^Aaf 2 )7 P 7 5 rfc A E' fc ^ I ^ 7 - 8(/i/£i/a^) 7A 7 5 rE' fc — - 16(^^Aa^)7 p75 rfc M fc t/ E^^p r 

-8(^)7,75^^^^ - 8(^Aa£)7 P 75T^^A^ - 8( ^ Aa P ) 7p75rSfe _A__ 

9 2 9 2 9 2 9 

-8j(^A)an^75T ^ 9fcA - m^a^ivX)^ -^—^ - 8m£(^A)7 5 T ^— ^ - 24 So (^^rfc P E' fc — 

-24i Pn (Hl5Tk^' k — - 16(^i/)(/ f A)rfc I ,fc A E fc E'," - 48(^z/)(/iA)rfc,fc A E' fe E^ + U^^tKY,^—^ 

d d d 

-12(H(/xA)rfc A E fe E'^— + 12(^)(/iA)r^E' fe 2 — x - 12(^)(^A)rfc A E' 2 



9 2 „„, „ , , 9 w , „, , „. 9 2 



-12(^)(/iA)rE fc E^— — — - - 16(/ii/A)a^7 P 75Tfc p fc l/ E^— r- - 24(/ij/)(Aa^)7 P 7 5 TA; At E' fc - 



9^9/fc A v ^ v n,p '° *9fc A v ^ A ° /,p '° M k dk»dk x 

-16(/i^A)a P 7p7 5 rfc,E^^A x - 24(/ia£)(/iA)7„ 7 5TE' fc A - 48(^)(Ap)7,75T^fc A E' fc ' A 

9 2 9 2 9 2 

-24(/xa^)(Ap)7 i ,7 5 rfc A E / fc gfcAigfcp - 4i(/xi/Aan M )7sr A - 4i(/ii/Aani/)75T 



dk^dk x 



9 2 9 3 9 

-Ai(fxu\a Q xh5T gk)igku - 8z(/^Aa p ) 75 Tfc p dkllQkvdkX + 16*0^)7^^ — 

^2 ^2 ^2 

+16z(^i/Ap) 7p rfc A E ^ fc ^ fcp - 24i( M ^)(Ap) 7M rfc A E ^ fc ^ fcp + 24t(H(V)7Arfc M S ^ fc ^ fcp 
-16i( / u/xz/A)7„rfc A Ej,' - 8^MMZ/A)7^rE fe — j + 16i(/i^A)7 A rfc l/ E' t ' + 16i(^wA)7 A rfc p E^ 



-32i(/j,i>\p)'y\Tk fl k„kpZ k - 16i(^^Ap)7 A Tfc p /c I/ E^'^^ + 8i(pi//£A)7 A rE^.^ 7 - 16z(/ii/Ap)7 A rfc p fc p E^^j 
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d 2 d „ d d 2 

Bi(/xi/Ap)7Arfc p E' fe — — — + 8i(/iwA)7ArE / fe —— - 16i(ij,pXp)jxrk v kpY; k -— - 8i(fiv\p)j\Tk„Y, k - 



■dk v dkP v~ - K QkK ^ ' " " K dk» ^ ' " K dk^dkP 

d 2 d d 2 

-8i{pvXp) lxT k p Y<' k - 16a' i (i/Ap)7 M 75Tfc I ,fc A S fc — - \Qa p {vXp) lplb Tk x Y,' k 

-lQ{p,vXp)Tk^k v k x ^k ~ 48(^A / 9)Tfc Al fc,fc A S , fc S^ - UitivXp^Kkx^kQ^-p 

d 2 d 2 d 2 

-12(/^Ap)Tfc M fc A E fc ££ gkvgkp - \2{pv\p)Tk u k x Y,' k - 12{pv Xp)Tkpk x Z' k g^g^ 

3^ 3 3 

-120u,\p)Tk x E k X' h dkltgkugkp + 24i(H(/£A) 7 ,rE' fe ^ x - A8i{pv){Xp)^Tk v k x Vl — 

-24M(Ap)rfc /1 fc A S fc S^^ p - 2A{p V )(Xp)rk,k x Y,' 2 d -^ d - k - p , (A10) 

3 3 3 3 3 3 

12 ls (p S ) T — + UOi(ns)sT— + UOip(w)r— + 120i(fxp)pr— + 120s(pp) l5 r— + 120(ps) Pl5 r— 

d d d 2 d 2 

-120p(^s)7 5 T— — - 120(pp)s^ 5 T— — + 60(pvds x )j X T Q; „ a , - - 60i(/Wp A ) 7A 7 5 T : 



dkP "> dkfl v~ Qk^dk v ^ ^ " ,J dk^dk v 

d 2 d 2 d 2 d 2 

+60ia»(vXs) W T gl ^ g - k - x - + \2M{iia v ){Xs) lul5 T QkiiQkX + 60*(au/o J^TST^^ + Wa^vXp^Tgj-^ 

d 2 d 2 d 2 d 2 

+120{pa»){Xp) lv T gkpQkX + m{pua x ) P1X T gkpdkv + 60is(pva x ) lxl5 T + 120i(ps)(va x ) lxl5 T 

d 2 d 2 d 2 d 2 

+mi{pvs)a x lxlb T .,,-,„ + Wp(^a X hxT—— + l20(pp)(va x )^ X T—— + m{pvp)a x 1X T- 



dk^dk" ^ ' ' dfc^<%" v ^ /v y ' <9£^<9/^ v ^ ^' 1 dk»dk v 

d d 

+30i(pv)(pj/)a x -f X j 5 Ti: k ' - AOi(ppM)sTk u T, k - 40(p(u>)py 5 Tk u i: k + 40i(/^)s"r£' fc — + 40(fj,fiv)pj 5 TE' k — 

Q3 Q3 Q3 

+^H^P-)W dkpdkudkX - ma»{vXpa°) W QkugkXgkp - m{^){Xpa^) W g ^ gkXgkp 

d 3 d 3 d 3 

q3 q3 q3 

+m{^){Xpa°) W g ^ gkXgkp + mi^va )(P*°)W gkfigkvgkp + 10i(^Xa")a^ lp r gkfigkugkX 

d 3 d 3 d 3 

+m^a P V a °) W5 T dkpdk „ dkX - 2Qia»{vXpa»)T gkvgkXgkp - mi{^){Xpa v )r 

d 3 d 3 
-60i(pva x )(pa x )r ~ 20l ^ Xa > pT dk , dk , dk x + 30(H(A«07atE2 + 30(/^A)(^A)7„^ 

3 3 

+30ia ti (vX)(vX)w 5 TZ' k ' - 40is(^)rfc i/ S' fc / + 40p(p,fw)^ 5 Tk v ^' k ' + 40is(/i^)rS' fc — - 40p(p,fw)y 5 T^' k — 

d 3 d 3 
+20i(pv){Xpp)T dkudkXdkP + 2Qi ^ vX )^ T dk n dk \ dkP ~ 20i(/i^A)a" 7p 7 5 rfc M fc A I]^ - 20i(pispX)a p lpl5 Tk u k x 

3 3 3 

-m{ppy){Xa p ) lplb Tk v Y.'l g - kX - 15i(pwX)a p '7 p -/ 5 Tk x T,' k ' — - l5i{piypX)a p ^p^ T k x T, k ' — 

3 3 3 

+3Qi(pjwX)a p ^ p ^ 5 TkvY,'l- gk - x + 15i(/zwA)a p 7 p 7 5 T^£ fe — ^ + 15i(/^A)a p 7p 7 5 Tfc y £fc-^ 

d 2 d 2 d 2 

+40i(ppM)(Xa p )jp l5 T^' k gkvgkX + lhi{p J uuX)aP lpl5 rll kg - k — x + 15i(> >/£A)a' ^ < pl5T l± kg -— x - 

3 

+mi{pa v ){XpX) lvlb TY,' k ' - 80i(^)(AAp)7„ 75 rfc Al fc p I]'," - m(^)(XXp) lvl5 Tk p X'l — 

3 3^ 
+80i(p J an(\\p)7uKTkp J V'l— + m{ l xa v ){XXj)) lvl5 TY l ' kd - k - p - g -^ p + 80i( M ws)r^S^ - 8Q0uwphsTkJ% 

d d 

+4Qi{pvv_s)TT 1 ' k — 40(pi/i£p)75TS' fe — h 80i(pvps)Tk u Y, k — 80(pvpp)~/ 5 Tk u T,' k ' + 80i(ppvs)Tk v Y lk 

okP ok p — — — 

d 

— 80(/i/i^p) 7 5Tfc t/ S' fe ' + 160i(pvXs)Tk p k u k x 'E k ' — 160( / u^Ap) 7 5Tfc AI fc^fc A S'z'' + 8Qi{pvXs)Tk u k x Y, k — — 
— o/c^ 1 

2G 





-80( l iuXp)-f 5 Tk v k x T,'l— + iOi(»vfxs)T£' k — - iO{fiufip)^ 5 TE' k — + 80i(^^As)rfc AI fc A S^ — 

0^ 0^ 

-80(^Xp) 75 Tk^k x E'l— + AQi{^\s)Tk x Y,' k -^^; - 40( Aii ,Ap) 75 rfc A E' fe ^ F + iOi( m ps)rB' k — 

0^ 

-40(^p)7 5 rE fc — + 8Qi{pvXs)Tk p k v T 1 ' k '— x - 8Q{p,vXp) 7h Tk lx k u T, k — x + m^vXs^k^——^ 

Q2 q2 q2 

-40(^Xp)j 5 TKE' k d ^ dkX + m(jJ,v\a)Tk M E' k dkvdkX - A0(^X P )-/ 5 Tk^' k dkudkX 

d 3 d 
+40i(fivXs)TY, k dklldk „ dk x ~ 20(fj,vXXp)j fl ,Tkuk p E k - 20(fiuXvp)j fl Tkxk p T, k - l5(pvXXp)j p Tk p Z k ' — 



-15(/xi/A£p)7 M rA;pS fe — j + 30(p,vuXp)^ IJ ,Tkx'E k — + 15(^AAp)7^rfc„£ fe — + l^vXvp^^Tkx^ — 

0^ cP" 

+AO(^)(XXp) 7ti rk p E'l— - iO{ m u)(Xp) 7 xrk^— + W^XXph^^^ + i^X^^—^ 

-40(/i^)(AAp)7 M rS^^^ + 40(//H(Ap)7ArS' fc ^^ - 20ia^(uXXp) 7ll75 Tk v k p E^ 

d d 
-2Qia^{vXvp) 7ll7b Tk x k p Y, k - 15ia^(vXXp) 7p7b Tk p Y^l-^p - lbia^{vXup) 7p75 Tk p Y 1 ' k '— x 



+ma^{vvXp) 1 ^TkxY,' k '— + md^vXXp^^Tk^l— + l5ia^(vXvp) lpl5 Tk x ^ — 

d 2 d 2 
+15ia»(vXXp)w 5 Ti: k dkvQkp + lbia»{vXvp) llllb TY,' k + Wi{p,v){p L X)a p 7p75 TKkx'Z k " 

d d d 2 

-30i(pti/)(/j ; A)a P 7p75rfc ! ,I] / fe '^ x + 30i(pu)(pX)a p 7p -/ 5 TkxT,'l— + 2,Qi{pv){p_X)a p 7 p75 TYl' k gk „ dk x 

+m{p J vX)sTk ll k v Y l 'i-^- x + W^vX^sTk^i-^ + 120i(pv)(Xs)Tk^ k gk ® gkX 

0^ 0^ 0^ 

+l2Q{py)(Xp) lb Tk^ k —— + 8Qi^uX)srKEi——j + 80(piyX) Pl5 rk^' k 



d¥dk~ x < ^dkTQjrx - rs < ^kgj^x 



+120i(fxs)(^)TE' k — - 120( W )(^)75rE' fc — + 240i(/xs)(^A)r^fc I/ S^ 

0^ 0^ 

-240( W )(^) 75 rfc^vSfc + 12Qi{ps){vX)Tk u Y 1 ' k - d - kTd - k - x - 120(^(^)75^^ 

d 3 d 3 
-30(H (Xpa p ) l5 T dkvdk x dkP - 40( -^ X ^P a ^ 5T dk ^ dk x dkP + 20i(Ai^a A )7A75TS^ 

+A0i(pvXXa p ) 7p75 Tk p k v T, k + 2Qi{pvXXa p ) 7p ^Tk v Yl' k '-^ k ^ + 2Qi{p,vXXa p ) 7p7b Tk p Y^ k '-^ 

d 2 

+m{pvXXa p ) lplb TYZ k dkilQkv + 20i(pisv i m x ) 1 xl 5 TZ k + 40i(p^Xa p )-f p j 5 Tk p k x ^' 



+2Qi(pwXa p ) 7p75 TkxT 1 ' k '- gk ^ + 20i(pvpua x )jx 7 5T^ k + AQi(p,vXva p ) 7p7b Tk p k x T, k 



i 9 

+2Qi{pvXv_a p ) 7p r )^Tkx^ k ^ k ^ + 40i(pv pAa p ) 7 p7 5Tk u k x T,' k + A0i(pi/Xpa p )j p j 5 Tk u k x lZ' k 



in mi in d 

+A0i(ppyXa p )j p j 5 Tk u kx^' k + 8Qi{p,vXpa y ) r ) a l5Tk p k v k x k p Y, k ' + 4Qi{p,vXpa! T ) 7<T7 §Tk v k X k p '£, k — — 

d d d 

+20i(/xi//£Aa p )7 P 7 5 rfcASfc^; + 20i(p^Xpa p ) 7p75 Tk x T,' k '-^ + AQi{pvXpa°) 7a l5Tk p k x k p YZ k 

0^ 0^ 

+2Qi{p V Xpa' J ) lalb Tkxk p V k ' dk ^ Qkv + 2Qi{pwXa p ) lpl5 Tk p Y.'l— x + 10i(pvvXa p ) lpl5 TZ' k 

+20i(piypXa p ) lpl5 Tk^' k '-^ x + 2Qi{ppyXa p ) lplbT KY,'l^ x + AQi{p,vXpa a ) lal5 Tk p Kkx^ k 

d 2 d 2 d 2 

+20i(pvXpa a ) 7a "f 5 Tk u kx?, k g kfigkP + 10i(^Ma p )7p75rS fc g , ugkX + 2Qi{pvXpa a ) lal r } Tk p k x Y 1 l l g fc ^g fcp 
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d 3 d d 2 

-10i(pvXpa' J )j a "/ 5 Tk x Y< k + 2Qi{pisXva p )j p 'y 5 Tk p Y lk ' 



dk»dk»dkp ^ - " p '° p *dk x ^ - " Pl ° fc <%^fc A 

+20i{p V \pa p ) lpl5 Tk v Y<l-^ + 20i(^i/Aa p )7 P 7 5 Tfc A S^^ 7 + 40i{pisXpa a )w 5 Tk p k„k p Z k " -^j 

Q2 Q2 Q2 

+20i(p.vXpa a )-f< 7 -/ 5 Tk„k p T, k ' gkpgkX + l0i{pisXpa p )-/ p -/ 5 TT,' k g fct/gfcA + 2Qi{pvXpa a ) lal r } Tk ll k p Y,'l, gk „ gkX 

a 3 a 2 a 2 

+ 10i^ v Xpa a )w 5 Tk p X k - g j^ g j^ + m{pp V Xa p ) lplb TT,' k g fc ^ fcA + 20i(/ji/Apffl g ) 7<T 7 5 Tfc„fc,,S£ g fcA g fcp 

a 3 a 3 5 4 

^3 ^3 ^3 

-15(^Ap)a A75 T— — — — - 40(/xa^)(A^)7 5 r — — 3— - 30(/^a A )(Ap) 75 T, 



dk^dk^dkP ^ ^ ,0 dk^dk x dkP yr JK ^ J 10 dkP&k v dkP 

d 3 d 
-l5a p {v\pp) lb T + 40(H(A/£p)7xrfc I/ fc p E' fe " + 40(^A)(£p)7 M rfc A fc p £' fc " - 30(^)^)7^4 — 

-30(/i I ^A)(^)7 M rfc A E' fe '— + 30( M ^)(A^)7Arfc p S' fe '— + 30(M^A)(£p) 7M rfc p S^ 

+30( M ^)(AMp)7ArS' fc ^|^ + 30(^A)(£p) 7/1 rS' fc ^^ + 40(^)^)7^4' + 80(H(A^)7^*P E fc 
-80(H(AAp)7^4'— + 40^^)0^)7^75^,4" - 30ia>A) (240)7^^ — 
+30z a p (^A)(^)7 A1 75Tfc p S^ + 30za p ( i ,A)(^)7 A1 75TSL.^^ + 80i S (^A)r^fc„S^A 

a s 2 a 2 

-80p(M^A)7 5 rfcpfc,E^'^ x + 80^(//i/A)rfc y S / fc g fcp g fcA - 80p(/ii/A)7 5 Tfc„£ fc ^j— 

<9 <9 2 <9 2 

+40i(/i^Ap)a' T 7< T 75rfcpfe ly fe A S' fe "— — + 80i{pis\){pa a )~f t7 j 5 Tk fJ ,k„E' k ' + iQi{pvXp)a cr ^ a ^ 5 Tk v k x Y 1 ' k ' 



a 2 a 3 
a 3 a 3 

+80i(^i/A)(pa CT )7 CT 7 5 Tfc y S' fc — — — — + 30i(//i/Ap)a CT 7 <T 75Tfc A S' fc - 



dk^dk x dkP ^ ' 10 k dkPdk»dkP 

d d .,,8 

+80i{na' y ){p,Xp)-f^ 5 Tkx^' k [— + 80i{pa' y ){Xp,p)j^ 5 TkxJ:' k [— + imi{pa v ){Xpa)^ v ^Tk p k x k p Y< k — 

q2 q2 

+80i(Ma")(Apa) 7t/ 7 5 Tfc A fc p S ^ fcM9fc(7 + 80iO*o , ')(^p)7^rEj fc ^^ ? + 160z( M a' y )(A /O a)7,7 5 Tfcpfc p S ^ fcA9fcCT 

d 3 d d 2 

+80i(na")(\pa)j u j 5 Tk p Y, k gktidkXdka + 120z(^a A )(Mp)7A75^4^ + 60i{pva x )(pp) lxl5 TZ' k 

+120 l ( A/ ^a A )(^)7 A 7 5 rfc p E^ + 120z(M^)(Ap) 7l ,7 5 Tfc A 4^ + 2AQi{p V a x )(pa) 1 x l5 Tk^k l/ k p ^ 



+ im{p V a x )(pa) lxlb rk p k p 2Zl^ k ^ + miipva^ivp)^^^^ 



Q2 g 3 

-120i(pva x )(pa)~f X ~/ 5 Tk v k p T,'/ + 60i(pva x ){pa)~/x"/ 5 Tk p T, k - 



''dkPdk* ^ /yr " 1 p K dkPdk v dk a 

d 3 d 3 d 3 d 3 

~ 5 (^V^)7 5 t QkPdkXdkp - 5(^Apa A ) 75 r ^ fc ^ p ~ 5(p,Xpa p ) l5 r ~ ^ X P a ^ dk , dk ^ kP 

d 4 d d 2 

-10(^Apa' T )7 5 rfc CT dk ^ dk u dk \Q k p + ^{^P^h^rk v kxk p T, k — + 30(fj,vXpa)^Tk\k p Y, k gkugka 

Q2 Q2 Q2 

+30(fiuXpa)^Tk u k p E k gkXgk<7 - 80(^)(Apa) 7M rfc A fc p E fc ^^ + 8Q{^vX){pa) lp Tk ll k v ll k — x -^ 

+30(^Xp*h,Tk p Z k dkugkXdka - 80(»v)(Xp*h»Tk p X k dkvdkXgkcr + 8Q(p V X)(pa) lp rk^ kgk —^ 

d 3 d 3 d 

+6Q(jj.v) (Apa) 7p rfcpS / fc g^p^ - 60(^A)(pa) 7 „Tfc P 4 gkpgkXgk<T + 40m^(t/Apa)7 M 7 5 rfc^ A fc p S fc — 
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qI q3 

+30ia^{uXpa)j^ 5 Tk x k p j:'l gk ^ dka + ZQia^{pXp(r)^ 5 Tk v k p ll'i g fcA g fcg + 30m^(t/Apa)7 M 7 5 rfc p S / fc gj^xg^ 

Q2 Q2 Q2 

+60z(//t/)(Ap)a CT 7 a 7 5 Tfc At fc A S ^ fct/gfcp + 60(^)(Apcr)7 A Tfc p fc p E' fc ' + 60(^A)(pg)7 At rfc t/ fc p S fc — x — 



+ m{^){ t \ P ) lv Tk x ^l— + 80(Mi/)(Aw)7,Tfc A E' fc '— - leO^XA/^Tfc^AfcpEl" — 

+80(/z^)(A/zp)7^rS^ g fcA g fcp - 160(^)(Apcr)7 /J rfc i ,fc p S fc ^p^ - 120( J ui/A)(^p)7„rfc A I]^ — 

-60(^A)(/x / o) 7l ,rS' fe ^^ + 120(^A)M 7 ATfc p E^ + 120( M H(Ap)7,rfc A E^ 

-240( Ml /A)(H7,Tfc M fc A fe p S£' — - 120(^)^)7,^^1]^^^ + eO^A)^^^^ 

-120(^\)(pa)7 u Tkxk p E'l-^^ + ma»(v\){pa)w 6 TKk p Vi-Qj^ , (All) 

240(/is)(z//^/)rE^ - 160( J uH(A^A)rE fc E'^ - 240(/i^)(/£A^A)rE fe S^ - 240(/ii/)(A/xi^A)rE fe E^ 

640 640 
+240(^)(AA^)TE fe E' fc " + — (/^A)(/£iA\)TE fe E£' + — (/«/A)(i^A)TE fe ££' - 480(/i/£i/)(A£A)r£' fc E£ 

o o 

-720(/ii/)(/iAyA)rE' fc E^ - 720(/iz/)(A/£i^A)rE^E' fe / + 720(/i^)(AA^)rE' fe E^ + 640(/i^A)(/£^A)rE^.E^ 
+640(^A)(£AiA)r£' fe Efc + SeO^^srEfe + 240i(^)(^)7 5 TE' fe ' - 480(//s)(wA)rfc AI fc A E' fe " 

o o o o 

-480(/is)(wA)rfc A E / fc '— + 480(^ S )(^A)rfc A1 E' fe '^ x + 480( M s)(^A)rfc l/ E^ + 480(/xs)(^A)rfc i ,E' fe '^ x 
+720(H(/£As)rfc A ££ A + 720( M ^)(A^)rfc A E' fe '^| 7 + 720( M ^)(AA S )rfc A1 E^ + 480M(^A)T£' fe ^^ I 

q2 q2 q2 

+ 480( MS )(^A)rS' fc ___ + mH{EXs)T ^ k __ + 360(All , )(A ^ )TS ' fe ___ _ ISOi^Q^jr,^ 

+180i(^^)( P £)75prE' fc ' + \20i(p,v)(p,X\p)^ u Tk p T 1 '^ — 12Qi(p:v)(\ppp)^ v Tk\Y,'l! + 120z(^)(A P Ap)7„Tfc p E' fe " 

-120i(/i^)(Ap/£A)7 t/ rA;pE^ + 240i(p J vX)(pfj£j-/ v Tk x T,'l' - 240i(/^A)(p££)7 A "rfc Al £' fc " + 2m(pfxy)(\\p)^Tk p ^' 



-90i(M^)(Apw)7,TE^ - 90i(H(ApMA)7„TE' fc '— - 180i(H(AA>p)7,rE£— - 90z(/^)(mAA p ) 7 „tE£ — 

„ d „ d u d 

-m (/j.u) (A^Ap)7^rEfc— + 120i{iJ,pX){pfj£)^ v T'E k ^j : - 120i(/zi/A)(pz^)7 A r£ fc — 

o o o 

-240i(/i^)(AAp)7,rE' fc '— - 240i(/i l /A)(^)7ArE^— - 2m{pv\)(upp) 1X TY J 'l — 

o o o 

-240 l ( Ai ^A)(M7ATEl!— - 240i( Atl /MA)M7ArE^— - 240i(/wA)(i/ / 9)7Ar££ — 


-240(^wA)sr/c AI fc A Efe' - 240(/xi//xA)sTfc I/ fc A E / fe " - 180(/iwA)sT/c A £' fc ' — - 180(/^A)sr£; A £' fe ' — 

cP" 

+360([ifiis\)srk l ;2^ , l—- T + lSOf/ii/z/A^sTfcni; 7 /— -r- + lSOf^z/^AWAvE^— -Y + 180(/iwA)5rEl, — — — -5- 
— aA: A a/c A — ok A ok^ok A 

+180(^A)srE' fc ^^ x + 360i(H(Ap)(Ap)7^4" + 240 i (^)( H A)(A /9 ) 7 ,Tfc p El" 

+240 l (H(A /9 )(MA) 7 ,Tfc p El" - 180i(/x^)(H(Ap)7ATE' fe '— + 180z(H(Ap)(Ap) 7p TE£ — 

-180 l ( A/ ^)(^A)(Ap) 7 ,TE^— + 180i(H(Ap)(/£A)7^E / fe '— + 300(H(ApMT*U A E fc £f 
+300(Ai^)(Ap^A)rfc^fc p E fc E^" + 60(Ai^)(^AAp)Tfc iy /c p E fe E / fe '" + 60(^^)(A/iAp)r^fc p E fc E^" 
-480(^)(A^p)Tfc A fc p E fc E'^" + 80(^) (AAp)Tfc„fc p E fe E^" + 360(^^)(Ap^)rfc A fc p E fc E^" 
+360(/i^)(AA/ip)rfc ! yfc p EfcE' fc '" — 360(/i^)(A/^i£p)rfc A fc p EfeE' fe "' — 360(/i^)(/iAi^p)Tfc A fc p EA : E^" 
+320(/j,vX)(puX)Tk fi k p T; k E'l" - 640(^^A)(iAXp)rfc p fc p E fe E^" + 320(/i^A)(/^o)rfc A fc p E fc E^" 
+240(pv) (AiAAp)rfc !/ fc p E' fe E' fc " + l200( f Ms)(XpiJ,p)Tk v k x E k E' k " + 240(^)(A/iAp)Tfc I ,fc p £' fc E' fe " 
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+1200(pv)(XppX)Tk u k p E' k E' k " - 1920(/^i/)(A^)Tfc A fc p E' fe E' fe " + 320(^)(AA J o)rfc l ,fcpS^E / fe " 
+lUO(jiu)(XXj£p)Tk,,k p E' k ll^ + lteO(fj,v)(\p[iv)Tkxk p E k E'l' - UAO(jxu)(X/iup)Tkxk p E' k E' k '' 
-1440(M^)(^p)Tfc A fc p S' fe I] , fe " + 1280(fiiyX)(piyX)Tk tl k p ^' k ^' - 2560( f xi/X)(i£Xp)Tk fl k p E' k E' k " 
+1280(txuX)(tJ,Ep)Tkxk p E' k E'l' + 240((i(w)(\\p)Tk v k p I%? - 1440(^)(A^p)Tfc A fc p Sf 

+180(fj,u)(fj,XXp)Tk 1/ k p T,'l 2 + \8Q(pv){XpXp)Tk v k p T,'l 2 + 900{pv){Xpp£)Tk v k x Y 1 '{ 2 + 900^) (Xp^X)Tk v k p ^ k 2 
+lOm{p J v){Xppv}Tk x k p Y 1 ' k a + lOm{pv){XXpp)Tk u k p Y,' k n - 1080(^)(A/^p)Tfc A fc p £f 

-1080(Ai^)(/£A^p)Tfc A fc p Sf +9m{p,vX){pvX)Tk p k p T! k 2 - \92Q(pvX){vXp)Tk p k p E' k 2 + 960(^A)(^o)rfc A fc p Ef 



-160(/iH(AAp)rfe„E fc E£' — + 180(/x^)(Ap/£p)rfc„E fe S^^ x + \8Q(p V ){XppX)Tk^ k Y,' k N — 

r\ r\ r\ 

+120(^)(XXfip)Tk v ^' k "— - 60(pv)(pXXp)TKZ k Z' k " — - m{pu){XpXp)Tk^ k Y,l' — 
— ok p — ok p — ok p 

-120(H(MAAp)rfc p E fc S^"— - 120(/^)(A^Ap)rfc p E fe E^— + 120(H(A^)Tfc A E fe E' fc " — 

+120(jxu)(XpfxX)Tk p E k E' k " + 2AQ{p V ){Xp B £)Tk p ^ k Y 1 ' k n + 2A0(p J v){Xp^)rk X E k E' k n ^- 



-240(/ii/)(A^)rfc p E fc E fe — ^ - 2AQ{pv)(Xpvp)Tk x Y lk Y: k — - 2AQ(pv){pXvp)Tk p E k Y, k 

r\ r\ r\ 

-240(M^)(/£A^)rfc A E fc E' fe "— - 320(^)(A£p)rfc p S fc E' fe "^ x - 320(/xH(A^)rA; A E fe E / fe " — 

1280 9 1280 9 1280 9 
+ -^-(^A)(pz^A)rA; p E fe E fc — ^-(^A)(^Ap)rfe p E fc E fe — ^-(^A)(^Ap)Tfc p E fc E fc — 

640 ,„ 9 640 ,„ d , „ d 

+ — (^A)(/££p)rfc A EfeE^"— - —(piyX)(EHP)Tk x T, k j:' k — + 540(/w/)(Ap^)T/s I/ E fe E fe -p : 



+540(/w)(A/3/£A)Tfc J ,EfcEfc— +360(^)(AA/£p)Tfc 1/ EfcEfc— - \8Q(pv)(pXXp)Tk v Y, k Y,' k — 



-180(fxv) (XpXp)Tk„J:' k T, k — - 480(^)(AAp)rfc r/ E fe E fe — - 960(ppu)(Xup)Tk p T,' k T, k -^ 

-640(^A)(^)rfc A E^A + 640(^A)(/ £ ^)rfc A S^E' fe / A - 960(/i^)(A^)rfc A E^' fc 'A 

-360(/u/)(MA^)Tft P 4E£^ - 360(H(AMp)rfcpE' fe E£ A + 360(^ I ,)(Ap/ip)rfc A E^E' fc '^ 7 

Q Qj O 

+360(H(ApMA)rfc p S' fe E^— + 720(H(A^)rfc p £' fe E^ + 720(H(Ap/^)Tfc A E' fe E' fc ' — 

(9 ^ (9 

-720(^^)(A/££p)rfc p E' fe Efc^p ; - - 720(pv)(Xpvp)Tk x E' k Y I ' k ' — - 72Q(pv){pXvp)Tk p Y 1 ' k Y,' k -^ 

-720(H(M^)rfc A S^E' fe / A + 1280( MI ,A)(p^)r^E' fe E^ - 1280(^A)(£Ap)rfe p E^E^ 

a ,q2 q2 

-1280( Ml ,A)(^p)T/c p E' fe E^— + 90( AtJ ,)( At AAp)rE fe E' fe '— — - + 90(^)(A M Ap)rE fe E' fe ' 



5fcP ^ ^ -f/ - K dk v dkP ^ /v - ' * "dk^dkP 

d 2 „ „„ a 2 „ „„ a 2 



+80( M ^)(AA J o)rE fc E^— — - + 90(H(Apw)rE fc E£— — 3- + 90( M ^)(A^A)rE fc El'- 



' dk v dkP — J k dk v dk x ^ n ~ J k dk v dkP 

+180(H(A/^)rE fe E£— %— + 180( M ^)(AA / ip)rE fe E^-|— - 180( M z,)(A M z/p)rE fe E^ 



dk x dkP ^ n - ' k dk v dkP ^ Jy k dk x dkP 

d 2 d 2 d 2 

-l80{piy)(pX E p)T^ k ^ gkXdkp - 160(/i//^)(A^)rS fc E fc g feAgfcp + 160(/^A)(pgA)TE fc E fc g fcM g fep 

£)2 o2 o2 

-320( M ^A)(^p)rE fe E' fe '— — + 160(/^A)(/^)TE fc E' fe '— — - - lSO^H to)^ 2 



dkxdkP ^ k dk x dkP v - yv k dk x dkP 

d 2 „,o a 2 „„ a 2 



+80( Ai H(AAp)rE', 2 — — - + 90(H(ApMrS£— -3- + 9Q{p V ){pXXp)rE' 2 - 



dk v dkP ' —' k dk v dk x ^ ~ k dk»dkP 

f)2 £)2 £i2 

+90(p V )(XppX)T^—— + 90(pu)(XpXp)TZ' 2 —— + 180( M ^)(A P ^)rEf 



dk"dkP ^ /y k dk»dkP ^ ,x k dkxdkP 
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q1 qI q1 

-180(p^(XXpp)rEf — — - l80(^)(X m p)r^ — — - 180(p^(pXup)r^ 



dk"dkP ^ n fc dk x dkP ^ Jy - ~ rj k dk x dkP 

+160(^A)(^)t4 2 ^^ - 320(^A)(^p)^ 2 ^^ + 160(^A) to)rSf 

+ 90M(Ap^)r , fc ^ fc ^ fcp ^ + 80(^A)(^)r a ^ fcpajbg + m { ^X)srk v k^ 

-360M(M)sr^E' fc ' A + 360( M ^)(/£A) S rfc A E' fc ' A + 360(m»0 ^j^x 

-480i(w)(wA)7 5 r^fc A E^ + 240i(/iH(Ap) 75 Tfc l ,E£^ x - 240i( W )(wA) 75 rfc A ££^ I 

o o o 

+480 l (^)(^A) 75 Tfc AI S^ + 480i( W )(/£^A) 75 r^S^ + 480;( W )(^A) 7 5rfc I ,E , fe '^ A 

9 9 9 

+720i(At^)(MA)7 5 rfc I/ S^^ I + 720i{^p){v\) l5 Tk^-^ + 720 J (/w)(^A) 75 rfc 1 ,S' fe '^ A - 

^2 qI 

-240i( f xtiv)(\p)j 5 T^—— T + 2±0i(tip)(vvX)j 5 TX' k - — T + 480»(^)(i///A) 75 tS^ 



+360i(/i^)(MA) 75 rS' ft ^^ x + 360i( M ^)(£A) 75 rS / fc ^^ x - 120( M a")(MAAp) 7l , 75 Tfc p S£' 
+120(/^)(Ap/^) 7i , 75 Tfc A E£' - 120(Ma")(AMp) 7 , 75 rfc p I]' fe " + \2Q{pa u ){XppX) lvlb Tk p Y,' k N 
+2A0( t iiya x )(p l J £ ) lxl5 Tk u ^' + 2m{pva x ){pvp) lxl5 Tk p ^ - 2^pa"){XXp) lyl5 Tk p ^ 

r\ r\ r\ 

+90(^)(A / w) >75 rI]' fc '^ I + 90(M^)(ApM) 7 , 75 rS^— + 180(/^)(AAw>) >75 rE£— 

o O o 

+90( M a")(/xAAp) 7i , 75 TE£ — + 90( M ^)(A/£Ap)> 75 tS;'— + 120(/W)(pmp) 7a75 tE£ — 

O O Q 

+120( Ai ^ A )(p£p) 7A75 rI] / fc '— + 240(//^)(AA j9 )> 75 tE£ — + 240(pva x )(p E p) lxl5 T^ — 

d d d 

+240(pva x )( E pp) lxl5 T^— + 2A0{p t va x ){vp) lxlb TY<l— + 240(^a A )M 7A75 rE£ — 



+2AQ{puua x )(pp) lxl5 TY,l^- p + 120i(MwA)p 75 T^fc A E£' + UQi^y pX)^Tk v k x Y,' k n 



d d d 

+90 i (/i^A)p 75 rfc A S' fc '— + 90i(^A)p 75 rfc A E£ — - 180z(^A)p 75 rfc 1 ,E , fe , ^ x 

// 9 a d id 2 

-^{pvuXjprf^Tk^— j - 90i(^vfj,X)pj 5 Tk v E k -^ - 90i(p J upX)pl5T'S k gkfigk x 

d 2 

-90i(pi/pX)pj5TY,' k Q k „Q k x - l2Qi{pwX)^pTk p k)X k - 120i(pvpX)j 5 pTk u k x 12 k ' 



-90z(//i/i£A) 75 prfc A E' fc '— - 90i(^A) 75 pTfc A £' fe '— + l%Oi(ppvX)-i b prk v Y l ' k '— K 

+m(pvvX) l5P Tk p Y l ' k 1 -^ + 90i{fxufxX)^ 5P Tk v E' k '-^ K + 90i(/i^A) 75 prE ^ fc ^ fcA 

+90i(^M) 7 5PT54^p + 360(/iz.)(/ii/)(Ap)rfc A E fc Sr^ + SeoM^Mr^EfcS^" A 

-120( Ml /)(/ f A)(^)Tfe p S fe E , fe "^ x + 1080(H(M£)(Ap)rfc A E' fc E£ A + 1080(H(/fA)(idp)rfc A S^E^A 

-360(/ii/)(^A)(i^)T/CpE fe E fc — ^ + 360(pa I/ )(Ap)(Ap)> 75 rfc M E' fc " - 240(pa"){pX)(Xp)j u j 5 Tk p T, k 



240( M a^)(Ap)(^A) >75 rfc p E^ + 180( M ^)(^)(Aa' J ) 7p7 5rE^ + 180(/i^)(Ap)(Ap) >75 rE',' — 

O Q 

180(^)(mA)(Ap) >75 tE£ — - im{pa v ){X P ){pX) lvlb ri:l — + 960(p J s)(vXp) T k lJt k v k x E k " — 

o . „„ , , a 2 , , a 2 



+1440(H(Aps)rfe /1 fc A fc p E^ / — + 960(/is)(i/Ap)rfc i/ fc A E^ — — - + 960( t xs){uXp)rk fi k x T,'l 



dk v "dkxdkP \i i y " / a * dk „ dk p 
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q2 q2 q3 

+720(H(Ap S )r^fc A S^^^ + 720(^)(Xps)rk,k p ^^ MK + 720(H(Xps)rk^' k 

d 3 d 
+960(ps)(is\p)Tk x X' k dk ^ dkvdkp ~ 2AQi{py)( t \) Plb Tk v k x ^ + lSO^/i^^A^r^S'^ 

-lSOiCHC/iA^rfcxE^ - 180i(pv){pX)p l5 TY,' k + 60i(/^)(Apaa M ) 75 r q^q^q^q^ 

^4 ^4 ^4 

+120i(^A)(paa i ,) 75 T a , — — + 90z(/^Ap)(aa A ) 75 T — — — — - + 90i(^)(A^a) 7 5T 1 



dk^dk x dkPdk° ^ A "° dkPdk"dkPdk° ^ ' y ^~ "° dkPdk x dkPdk a 

5^ 5^ 
+ 12 H^a x )(p\ah 5 T dk ^ kudkpdk „ + ^^){pa) l5 r dktiQkvQkXdka + 2AQ l (pu){pX) lb prk y kxY.'{! 

-180i(/i^)(/iA) 75 pr^S^ + 180i(/z^(/£A) 75 prfc A S , fe '^ ; + im^v)^)^^-^—^ 

— 2AQi{[iv){\ppa) r ) ^TkvkxkaYt'l!' — 2A0i(piy)(Xp\(j)^ ^rk^kpkaJ^^' — 4&0i{puX){ppa) r )yrkpk\k a Y J '^ t 

d hi d m 3 

-120i(pv)(\ppa)jpTkxk^' k " — + 120i(pvE\)(pa)~f p Tk p k\'£'l' — - l2Qi{pv){\p\a)^pTk p k a T, k — 



+120i(pispA)(pa)'ypTkvk\T,'l 
+360i(pis)(\\p<j)j li Tk u kp'E'k 
-2A0i(piy\)(pp(7)j l/ Tkpk^ 
-240i(fj l u)(fiXpa)'y 1/ Tkxkp^'l 
+480i(p^A)(pper) 7 i,Tfc A fc p £j c ' 
—A80i(pvX){pv_a)^\Tkp k p T^ k 
+480i{pv\p)(v<T)"f X Tk tJf kpT,k 



-480i(pisp,\)(pa)-f\Tk l/ kpY,'k 



5 5 5 

— - 180i(/xi/)(A/9pcr) 7jU rfe I ,fe (7 S fe - 180i(/iz/)(ApAcr) 7M rfc I/ A; (7 E fe — 

Q Q O 

— + 180i(M^(Ap£ CT ) 7 ^r^fc A E' fc "— + 180i(/i^)(ApA CT ) 7 ^r^fc p E^— 

5 5 5 

^ - 240i(^A)(pp<r) 7 „Tfc A fc CT £' fe "— +480i(/i l /A)(ppcr) > rA; /i fc A E^ — 



— - 240i(/ii/)(A/£pcr) 7i/ rA; A fc (O E^— - 2m%{pv){\pp L a)^ v rkxkpYl k — 
d , „,„ 5 , , „,„ 3 



t^t + 480i(/ii/A)(/9/£cr) 7i/ Tfe A fcpE^"— - A8Qi{pvX){vp(j) 1 xTkpkpY 1 'l! ^ 
d , , „„, 9 , . „,„ 3 



- 480i(/i£i/)(Apa-)>rfc A fcpE^"— + 48Qi{pv\p){po) 1 xTkvk p Y 1 ' k 

5 5 5 

— + 480 l '(^A)( / 9<7)>rfc A ^E^— - 480i(^Ap)(Acr) 7p T^fc I/ E£' — 

a as 2 

P-fc ^ - 48Qi(tivv\)(pa)ixTkpk p ?, k — - 90i(/i^)(Appcr) 7A1 rfc (T E' fc '^^ x 

a 2 „„ a 2 , „„ a 2 



+90z(mwA) (pa)j p Tkx^k g k n 9k a - 90l (^)( X P^ a hp Tk ^k dk , dkP + 90 »(/ iiy M A )(^)7p Tfc AE^- 9fc ^ fcCT 

5^ 5^ 5^ 

+180s(» (AAp<j) 7/i rfc p E^ fljfcy g fco . - 180z(^A)(p f T) 7p rfc t/ E ^ fcA£)fcCT + 90iOii/)(Apper)7 M rfc A Sfc gj^ 5 



a 2 a 2 s 

-90!(/jwA)(/w)7 p T^S t -^— + 90i(p^)(ApAg) 7p Tfc p E'/ - 90i(/iz//£A)(pcr) 7p rfc l/ E' fe ' 



<9fc A dfc CT ^ /v p k dk v dk° ^ e y ,p y k dk x dk° 

Q2 Q2 Q2 

-V2Qi{iivX){ppa)^ v Tk a T, k — + 120i(fj,nu){Xpa)j p Tk v E k + 180i(^^)(Appa) 7/J Tfc 1/ E' A !- 



: a/c^fc A ' ' p " «dk x dk° " *dk x dk° 

q2 q2 q2 

+180 i (pv)(\p\ah,Tk^> k '^ k ; + 2AQi{py\){ppa) lv rk^l—^ + 240i(^A) (ppah.Tfc^^-^ 

a 2 a 2 , a 2 

-180^(^)(A/£pcr) 7i/ rfc p S fc g , Xgka . ~ 180z(/xt/)(Ap/£g)7 1/ Tfc p E^ - l80i{pis){p\pa)j u TkpY,'l gkXgk<j 

q2 q2 q2 

q2 q2 q2 

-240i(^A)(^) 7A Tfc p E^'^ F - 240 l (^A)( P ^) 7A rfc p ^^ F + 480i(^A)(pH 7 „rfe A ££^^ 

5^ 5^ 5^ 

-480i(/i^A)(p^) 7A r^E' fc '^^ - 480 i (^)(Apa) > rfc p E'^^ F + 240i(^Ap)(^)7A^E£^^ 

a 2 „ a 2 „ a 2 

+2AQi{pv\p){p,a) 1 xTkpY l l dk ^ dka + 240z(pt/Ap)(j/cr) 7A rfc p E / fc / g fcp g fcCT + 240?(/^A)(per)>rfc p £ fc g fcA g fcCT 

5^ 5^ 5^ 

-240 i (p^Ap)(Aa) 7p rfc p E' fe '^ F - 240z(p^A)(p ( r) 7A rfc p E' fe '^ F + 240i( / ^Ap)(^) 7 ATfc p ££^^ 
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Q2 Q2 Q3 

q3 q3 q3 

Q3 Q3 Q3 

+120i(^X)(ppa) lv TX k dktigkXgka - l2Qi{wv){Xpa) lp rV k dkvdkXdka - im{^){Xppa) lu rK^^ 

q3 q3 q3 

+240i(^X)(pp,a) lv rE' k — 3— — - 240i( MI /A)(p^) 7A rS' fc — — — - + 120»0«'Ap)(^)7AT£' fc 



dk x dkPdk° ^ ; ,A k dk^dkPdk" ^ ' ' dk u dkPdk a 

q3 q3 q 

+12M{pvXp){va) 1X TV k dk ^ kpdka - 120z( M ^Ap)(A g ) 7p rI] ^ fc ^ fc ^ fcj +480( M ^p).srfc^vfcAl]l"^ 

a 2 a 2 a 3 

+360(/^A/?)sTfc i/ fc A E fc + 360(^Ap)srfe M fc A S fc „. ua . n + 3m{pvXp)sTk x Yl' k 



dk^dkP ^ I J ^ k dk»dkP VP p; A k dk^dk v dkP 
+480i(/i^)(Ap)(Aa)7 M rA; I/ fc p fc <T Sr - 2AQi{pu){pX){pa) lp Tk y k x T 1 ' k n — + 2AQi{p,v){Xp){Xp-) 1 ^k p k (T T,' k H — 

-360*(H(Ap)(Atf)7 M T^ E fc"^ + 360z( M ^)(Ap)(Aa) 7Al rfc l/ fc (T E' fe " A + im^y)^)^^^-!— 

q2 t^2 

-ISOii^ifxXXpahpTkx^^^ - 180i( l xu)(Xp)(Xa) 7fi rk p E'l g - k ^ + 180 i ( Ali ,)(Ap)(Aa) 7AI rfc (T S' fe '^^ 

a 2 d 2 d 2 

+360i(p,v){Xp)(Xa)'y fl Tk v E k g , pgka - 360i(p.v)(fj.X)(pa)'y v Tk p i:'l ^ - 360i(/ii/)(Ap)(/£cr)7 i ,rfc A S fc — ^— 

a 3 a 3 

- 180» (//!/) (//A) (H7 P rE' fc dk „ dk x dk o + l80i(piy)(Xp)(Xa) lp r^ k dk „ dkPdka + 512(^A)(p^)Tfc M A; A fc p fc CT £ fc £r 
+ 'o7Q{pv){Xppa)Tk u k\kpk a Yi k Ti k " + 2880(piy)(Xppa)Tk u k x k p k cr T,' k T, k " + 2'bQ0{pvX){pv_a)Tkpk x k p k a Yl k Y lk l 

d 

+him{pv){Xppa)Tk u k x k p k a T,' k T, k + 5120(^A)(pw)rfc M fc A fc p fc CT E' fe 'I] / fe " + 240(pv)(Xppa)TKk x k p Y, k Z k "' — 

-240(H(ApHrfe M fc A fc CT S fc Sr^7 - 240(H(ApA(7)rfc M fe p fe (7 E fc E2"— + 320(p J vX)(p E cr)Tk lJt k x k p E k E' k '" — 

d d d 

-120( f w)(Xppa)TKk x k p Z k Z k "' — - 120(pv)(pXpa)TKk x k p X k Z k m — - 320( f xvX)(ppa)Tk pj k X k p E k X k "' — 

d c) d 

+3m{p,v){Xp i m)Tk v k p k a ll k ^ — j + 360(M^)(ApMC7)Tfc I/ fc A fc IT S fc E / fe '" ' — + 640(/x^A)( / o£ < 7)rfc (U fc A fc (T S fe Sr^ 

-320(^)(Apa)rfc I/ fc A fc p S fe E' fc '"^ - 960(^z.)(App(i)Tfc p fc A fc ff E / fe I]l"— - 960(^)(ApA CT )Tfc p fc p fc CT £^' — 

-480( Ali ,)(MApa)rfc„fc A fc p S' fc S' fc "— - 480(H(A/£P^)rfc^ A A ;p S' fc S^— + ^{pv){Xppa)rk v k x k p iZ' k ^ — 

d d d 

-1280( M H(Apa)r^fe A fc p S' fe S' fc "— - 1280(^A)(^)Tfc p A; A fc p £' fc ££' — + 1280(/^A)(^)Tfc p fc A fc p £' fc ££' — 

+1440(/xi/)(Ap/i(7)TA; I/ A; p fc CT S , fc S^^ x + UAQ(pv){Xppa)TKk x k a V k V k " — + 2hm{p,vX){pua)Tk ll k x k a T, l k Y,' k n ' — 



~ 96 °(^ A )(^ 0(J ) rfc MfcAfc p Sf — + 960(/i^A)(p^)rfc p fc A /c p Sf - 
d _ , , , „„, d ...„„„, , a 



-720(H(ApHrfc M fc A fc CT Sf — - 720(H(ApA(7)rfc (U fc p fc CT Ef — + 1080(/xi/)(Ap/x^)Tfc I/ fc p fe CT Sf ^ 
+72Q{p,v){Xp i m)Tk v k x k p T,'l 2 — + 1080(/^) {Xp f m)rk v k x k (r T,'l c 2 — + 1920(^A)(^)rfc p fc A fc CT £f — 

a a a 2 

-360(pv)(Xppa)Tk„k x k p Z k ^ - 3m{pv){pXpa)Tk u k x k p Y*' k + l2Q{pv){Xpp_(j)Tk u k p T, k Y 1 ' k " g fcA g fcg 



£j2 £)2 £)2 

-120(/ii/)(Ap^)rfc v fcAS fc E2'— — — - 180(H(ApHT^fc CT £ fc 4"— — + 180(/x^)(App < 7)rfc ;i fc A S fc S / " 



£^2 o2 ^2 

-180(H(A/3A^)T^^S fe S^^^ + 180(H(ApAa)rfc p fc p £ fc 5]',"^^ - 32 0( m y)(Xpa)Tk,k p ^ k E^ -^j-^ 
+320( m u)(Xpa)rk X k p E k B' k " gl ^ kT + 360(/^)(AA jO a)rfc p fc p S fe S' fe "^ F - 120(/x^)(A/£pa)rfc I/ fc p E fc S^^ x ^ 
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d 2 d 2 640 d 2 



dk x dk° v a K k dk x dkP 3 ^ ' ™ 

a 2 <9 2 640 d 2 

+240(^)(Xppa)rk x k p ^'^^ + 2^{p J v){^Xpa)Tk x k p ^ + — ^{vpa^k^^-^^ 

640 d 2 640 <9 2 ,„ d 2 

-(p J u\)(vpa)Tkxk p T, k E k ——— + — (pvX){ppa)Tk v k p Y< k Y, k "-——— + 240(piy)(Xppa)Tk x k p T, k E"' 



3 ^ vwr ' A p re * <9fc^dfc CT 3 v ^ vvcr ; " p K ft d/c A <% ff y ^ A p K « dk"dk 

640 d 2 640 <9 2 d 2 

-^-(^)(pE^)rk ll k cr T, k E l , auXaUo + — (fxuX)(pua)Tk fi k p E k E k kttktz ~ 540(/ii/)(Appcr)rfc^fc (T S' fc S" 



£)2 £)2 £)2 

-540(H(AM^)r^^S^^^^ + 1080( M ^)(AA P a)rfc M fc p S' fe S^^ F - 360(^/^^44'^^ 

a 2 a 2 a 2 

+2,m{pv){Xppa)Tk u k p i:' l X l l dkXdk<7 - 360(^)(/xApo-)rfc 1/ fc p S fc S fc g fcA g fcCT + 360(//i/)(Ap/icr)Tfc^fc A S] / fc S ^ fcpgfc(T 

q2 £)2 £)2 

£)2 £)2 £)2 

+960(/iH(Ap ( 7)rfc A fc p El.S','^ F - 640(/x I /A)( £ H^p44'^^ + 640(^A)(p^)Tfc M Av44'gp^ 

q2 ^2 q2 

+640(/i l /A)(MHr^fcpS^S / fc / ^p^ + 640( Ml /A)Q^r)r^fc P 44^p^ + 720(p^( B Xpa)Tk x k p E' k E' k '^^ 

q2 q2 q2 

+72Q{pv){Xppa)Tk x k p V k Y>l—— + 720(pv)(Xppa)Tk x k p Z k Z' k '—— + 640(/^A)(pm)rfc, 1 fcp44': 



: 9fc^fc CT 1 k k dk v dk° ^ k dk x dk° 

d 2 d 2 d 3 

+72Q{iiv){Xpp L a)Tk v k a T lk ^ k — x -^ + m(puX)(pya)Tk x k^ k E k -^-^ + 180{pv){Xppo)Tk p Y> k Y.' k ' g fc ^ fcA g fc0 



+ 180(M(AM^^4'^^ + 180(H(Ap^)r fcpSfc ^^ w + 180(H(Ap^)^E fe E fe ^^ 

^3 ^3 ^3 

+320(^A)(^)rfc,S fc S ^ fcAafcpafc(7 + l80{pu){Xppa)rk p ^l + 180(p,)(pXpa)rk p ^ 

d 3 w , , , „ „„ <9 3 w , , , „ /2 d 3 



+Z2Q{pvX)(vpa)Tk p ^l dk ^ kXdka + 320(pp,)(Xpa)rk p ^ dk ^ kXdka + 180(p,)(Xppa)rk^ flfc „ afcXflfca 

r) 3 r) 3 B 3 

+180(M(AM.)^^^ + WQvX^rktf^^ + 320( / ^)(Ap.)r fcp ^ 2 ^ p ^ 

d 3 d 3 d 3 

+ 18^)(Xp P a)rk p ^ 2 ^-^ + ISOip^pXpa^ 2 ^^ + l^)(Xp,a)rk p ^ ^^^^ 

d 3 d 3 d 4 

+180(pv)(Xppa)Tk x Z k 2 — — — + Z2Q{puX){p K a)rk^' 2 — — — - + 180{pu)(Xp(Mx)r^ k E' k 



dk"dkPdk^°^^- U> ' W dk^dkPdk" ^ ^^>^ U >'^ k dk"dk x dkPdk° 
+im{pvX){pvo)T^ k dk ^ k d Xdkpdka + 720(p J v)(Xp)srk p k x ^Q k ^ k - p + 960i( W )( I /Ap) 75 T^fc,fc A E' fe "^ 



d .„„ , „„ d 2 .„ , , „„ d 2 



+lU0i(npp)(Xp) l5 Tk fl Kk x ^' k "— - WOi^pXXpphsTk^k^—^ + 48Qi(p,p)(vXp)j 5 Tk v k x Z% 9j 

q2 q2 q2 

+960i{fxp){uXp)^ 5 Tkak x E' k '—— + 720i(tiisp){Xp) l5 Tk p k x Z' k ' — - + 720i((iup){Xp)j 5 TKk x E'l 



dk v dkp ^ " /v r "° p * K dk»dkP ^ r/ ,J " " K dkPdkP 

-360i(^)(Xpph 5 rk^' k — J— - - 480i( / x l /A)(pp) 75 r^E^--|— - + 480 i ( W )(^) 75 rfc A E' fe - 



M k dk»dk x dkP VP " k dk^dk x dkP K ^' K k dk^dk v dkP 

d 3 

+2>Q0i(pvp){Xp)^ 5 Tk x £' k Q kP Q k vQ kP _ 240(//a l/ )(Appcr)7, y 75Tfc p fc A fc (T i;fc" - 240(//a l/ )(ApAcr)7 1/ 75rfc p fc p fc cr Efc" 
-480(pisa x )(ppa)"/ X "/ 5 Tk tJl kvk cr 'E k ' - 120(/iwA)(pa <T )7 c ,75rfc p fc A i;' t "^-^ - 120(/ii//iA)(pa' T )7 (T 75Tfc ly fc A I]^'^j 

-120( M a ,/ )(Ap£a)7 i/ 75Tfc A fe CT E / fe "— - 120( M a I/ )(ApA ( 7) 7l , 75 rfc p A; CT S^— - 180( M a 1 ')(A iO pa)7 1 ,7 5 Tfc A1 fc (T E',"^ x 

(9 5 5 

-180(^)(A jO Aa)7 I ,7 5 rfc A1 fc (T S^— + 360( M a ,y )(AAp ( T)7 t/ 7 5 Tfc p fc p S , fe "— + lSO^XA^h^T^fc^" — 

5 5 5 

+180(^)(A jO Aa)7 1 , 75 rfc A1 fc p S^— - 2m{pva x ){ppa) lxlb Tk tl k a Y 1 ' k " — - 240( A1 ^ A )(w ( T)7A75^fc ff E' fe " — 
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d d d 

+A80(pva x ){ppo) lxlb Tk p k u Y<' k " — + 2AQ(pa»){pXp<j) lulb Tk x k p Y l ' k " — + 2A0{pa"){X li pa) lulb Tk x k p Y,' k n — 

f) f) 

+2W{pa v ){Xppa) lvlb Tk x k p Y, l k " — + 480(pva x )(ppa) lxl5 Tk u k p X k " — + 480(pva x )(pp<7) lxl5 TKk p ^ — 

d d d 

+480{pva x )(vp<j) lxl5 Tk p k p Z' k " — + A80(pva x )(pv<j) lxlb Tk p k p ^ — + A8Q(ppa v ){Xpa) lvlb Tk x k p Y<' k " — 

d d d 

+480(pv \a p )(\cr) lpl5 Tk p k u Z'£— + A8Q{pu\a p ){ua) lplb Tk p k > X^ — + 480(/iz^a A )(pa) 7 A 7 5TA; ^1 fe p ££ , — 

d d d 

'"dkr + 480 (^° )(/ 0£r )TA75T"fe v A;pS^"— + A8Q{ppva x )(pa) lxlb Tk v k p Y, k ' — 



+A8Q(pvXa p )(pa)^ p ^Tk u k x Y, k + A80(pvpa x )(pa)^ x ^Tk v k p Y I ' k ' -— + A80{ppya x )(pa)j x ~f 5 Tk u k p 'E k ' '—— 

d 2 „ d 2 „ d 2 

-120(ppu)(Xpa a )~f a j 5 Tk u Y, k - 90(pvvX)(pa a )j a j5Tk x Y< k -—— - 90{pvpX){pa a )j a j 5 Tk x T, k —— 



c\2 q2 q2 

+ l80{ppyX){pa-) lal5 rk^l—^- p + ^{p^X^pa^^rk^l—^ + 90(^A)(p^) 7 a75T«^p^ 

q2 q2 q2 

q2 q2 q2 

+90faan(\ppyhuKTk x ^-^-^ + 90(^)(ApAa) >75 Tfc p ££^-^ + 18Q{pa»){Xppa) lul5 Tk^l—^ 

Q2 Q2 Q2 

+180(jia»)(\p\a)w 5 Tk^—— - \2Q{p V a x )(ppa) lxl5 Tk a ^l— — — + 2AQ{pva x )(ppa) lxlb Tk p V k '-. 



q2 q2 q2 

+240(pva x )(ppa) lxl5 Tk^^^ + ^{pa^Xppa^rk^—^ + m){pa^)(Xppa) lul5 rk p Y,l—^ 

q2 q2 q2 

+ l8Q(pa^){ t Xpa) lul5 Tk p Y 1 l—^ + 180(^) (Xpfia^rkxE'l^-^ + 2M(pva x ){ppa) lxl5 Tk p Y>l^^ 

q2 q2 q2 

+2A0{p V a x )(ppa) lxl5 Tk p Y 1 'l dkudka + 240(^a A )(^a) 7A75 Tfc p E£ + 2W(pva x ) {pva) lxl5 Tk p Y,' k ' 

Q2 q2 q2 

+A80(piya x )(ppa) lxl5 Tk u ^-^ kl ^ + 480(^a A )(^) 7A75 rfc p I]£^^ + A8Q(ppa l ')(Xpa) lulb Tk p Y 1 l k l 

£)2 o2 o2 

+240(fMvXa") (Xa) 7pl5 TK^-^^ + 2A0(^Xa^(Xa) lpl5 rk^-^^ + 240(^A^)(^) 7p75 Tfc A ££^ F 

q2 q2 q2 

+2A0(p^ E a x )(pa) lxl5 Tk p ^^ kT ^ + 240(^Aa")(/^) 7 , 75 rfc A ££^^ + 2AQ(p V pa x )(pa) lxl5 rk p ^l^ k -^ 

q2 q2 q2 

+ 2A0{p V XaP){ K a) lpl5 Tk^l—^ + 2AQ{p,vXaP){p i a) lpl5 Tk v ^l—^ + 2A0{pp V a x ){pa) lxl5 Tk p Y 1 l-^^ 

Q3 Q3 Q3 

+120(ppis)(Xpa°)w 5 TZ' k ——— + 9Q{pvvX){pa a ) lalb TY l ' k — — — — + 90{pvpX){pa a ) lal r>Tll' k - 



'dk^dk x dkP ^ ~ AF " 10 fc dkPdk x dkP ^ - JKH " ' k dk v dk x dkP 

f) f) f) 

+90(M^)(Ap^) >75 rE' fe — — _ + 9Q{^){XpXa) W V k — — — - + l20{^a x ){ppa) W V k 



dkPdk x dk a ^ M ' ~ " u 10 k dkPdkPdk" Kn ' - k dkPdk v dk° 

g3 q3 

+2A0(p V a x )(pua) lxl5 TE' k ———— + 120(^AaO(Aa) 7p75 TS' fe - 



' dkPdkPdk* ^ / ' r / ^ K dk^dk v dk a 

d 0^ 

+120{pvXaP){vo) lpl5 TY l ' k midkXdka + 120(pvXaP) ( / £g) 7p75 TS , fc g fc ,g fcA g fca - 2AQi{pvXp)p lb Tk^k v k x ^ — 

d 2 d 2 d 3 

-180 l ( A1 ^Ap)p 75 Tfc,fc A S',:^ I ^ - l8Qi{pvXp) P1 ^Tk p k x Y,'l - 180i(^Xp)pj 5 Tk x E k dkPdk „ dkP 

d d 2 d 2 

+24Qi(pvXp)-i b pTk p k v k x Y, k " — + l8Qi{pvXp)^pTk v k x Y,' k ' + 180i(piyXp)^ 5 pTk p k x T, k 



dkp ^ r " OL ' k dkPdkP ^ '"'^ K dk»dkP 

-\8^Xp) lbP Tk x ^ k dkPdk „ dkp + ^{pv){pX){ P G)Tk u k x k p i: k ^ k m — + l920(pv)(pX)(pa)rk u k x k p Z' k i:' k " — 

£) f)2 pi2 

-lMO(H( t X)(pa)rk„k x k p Zf— + l2Q{p V ){pX){pa)rk x k p ^ k ^ - 120(p J u)(( £ X)(pa)Tk u k p ^' k " -^^ o 



35 



-36Q(fiv)(fiX)(pa)Tk v k p Z' k Z" 



k dk x dk 

d 3 



dk v dk° 
3 3 



+360(H (M) {pa)Tk p ^l dkvdkX£)ka + 360(H(M)(Hrfe P Sfe dk v dk x dk * + ^(^(^(A^l^rk^kpk^'l" 

r\ r\ f\ 

+2A0(p^(pX)(pa a )lal 5 rk u k x ^— + 240(pa»)(\p)(\a)^ l5 Tk p k a Z> k " — - 360(^)(Ap)(Aa)7,75r^fc /3 E^ — 

3 3^ 
+360(pan(\ P )(\vh^Tk tl k <T Z'l'— - im(p V )( t \)(pa°) lal 5Tk v Y<l—^ p 

+l%Q{p V ){ t \){pa°) lal5 Tk x i:l^— - 180(t,a v )(Xp)(Xa) 7v75 Tk p E'l 



+im{pa v ){\p)(\cr) lvlb Tk a Y,l 



dk^dkP 
2 



360(^0") (A / o)(Aa)7 v75 r^E;' 



: dk^dkP 
d 2 

-Zm{pa v ){p\){pa)-i v ^Tk p Yll + 360(^a I/ )(Ap)(/£cr)7 t/ 7 5 rfc A S^ 

8 3 



-180(^)( M A)(pa CT )7 ff 75rE' fc - 



180(^0") (Ap)(A<7)7„7 5 r£' fc 



dkPdk a 

d 2 
dkPdk 17 

d 2 
dkPdk a 
d 3 



dk^dkPdk c 



: dk v dk x dkP 

d 2 d 2 d 

-360i(fxu)(\p)jrf 5 Tk p ,kxT, k v + 360i(^)(Ap)75pTfc M fc A S fc gk „ gkp + ^8Qi{p,v){Xpa5)^ p ,Tk v kxk p k a -T lk 



+$mi{pv\)(pcr8 
+240i(pis)(\pcr5 
+360i(pis)(\pa5 
+480i(pv\)(pcrd 
+960i(pv\)(paS 
+480i{pv\p){aS 
+180i(pv)(\pcrd 
+180i((j,v)(\pa5 
+240i(pv\)(pa5 
+360i(pis)(\pa5 
+480i(pv\)(pcrd 
+2m(pv\p){aS 
+180i((j,v)(\pa5 
+240i(piy\)(paS 
-120i(pv)(\pa6 











-y^Tk ll kxkpk a ^ k + 960i(piy\p)(a5)^xTkpk^k p k a j: k 



n f^Tkxk p k cr 'E' k 



d 2 



240i(pv\p) {a5) la Tk p k v kxZ k 



2 



dk"dk s ^ Hn M v A k dkPdk 8 

d 2 d 2 
~ipTk v kpk a Yl k - + ZQQi{pv){\pa8)^ ll Tk v kxk cr Y lk 



*Wk Qk x dk s 

d 2 



dkPdk 8 
d 2 



lv Tk^k p k a ^ k gkXQkS + mi{pvX){pa8) 1 „Tkxkpk a Y<'l g ^ dkS 

d 2 d 2 
juTk^kxk^ gkpgk5 + A80i(piy\p){aS)- / xTkpk u k <T J:' k " gkpQkS 

d 2 d 2 
lxTkpk p k a T,' k " gkvgkS + mi(piyXp)(a5) 1 xTk u k p k a ^' k " g ^ gkS 

d 3 d 3 
180i(pv\p)(a5)j (T Tk l , kx^ k 



lp jKp^ k g kudk X dk S 

d 3 



7 (U rfcxfc<rS" 
r Y P ,Tk v k,jYi k 



k dk v dkPdk s 
d 3 

" k dkPdk x dk s 
d 3 



180i(piy\p)((jS)^faTkpkx^ k 



dkP-dkPdk 5 
d 3 

: dk v dkPdk s 
d 3 

2m{p V \){pa8) la Tkpk^l gkXgkpgkS 

d 3 



480i(pis\)(paS)j„Tkpk a i; k ' 



dk x dkPdk s r w " M k dk x dkPdk s 

d 3 d 3 

d 3 d 3 
-WrKh^u dk p dkPdk s + ^^P){^)ixrkpk^ k d ^ gkvgk5 

, d i — ~ . 9 4 

7aiT a k dk-dk x dkPdk s 



^ v rk a T! k 
lcrrkpT,' k 



d 4 



+720i( f iv)(\p)(a5)i p Tk u k x k a E' k ' 



k dkP-dk x dkPdk s 

dk»dk x dkPdk s 
d 2 



180i{pv\p){a8)^ a TkxT 1 ' k 
240i(pisA)(p<7S)j a -Tk l/ 'E k 
l20i(piyXp){aS)jxTk a j:' k 



360i(pv)(\p){aS)j a Tk p kx'£ k 



dk^dk»dkPdk s 
d 4 

dkP-dk x dkPdk 5 
d A 

dkP-dk"dkPdk s 
d 3 



dkPdk 6 yr A PM >" J k dk v dkPdk s 

d 3 d 2 
-360i(p^(Xp)(aS) %l Tkxk^ g ^ gkpgkS + m{p V ){Xpa8)rkpkxk p k a ^' gk ^ k - & 



3G 



d 2 d 2 



)(/i^A)(pgJ)rfc At fc t/ fc p fc CT S / fc Sl" 9fcA ^ + 960(^A)(pg<5)rfc M ^fc p fc CT Ef ^ fcW 



<9 2 <9 3 

Q3 Q3 

+360(^)(XpaS)rk fl k X KE k ^ + 6A0(^X)(paS)rk,Kk^ k ^ 

Q3 Q3 

+1080(fxu)(XpaS)rk p k p k^' k ' g^fc W + lOSOfri/XAptrflrfc,, fe^S'^' g fc ^ fep g fc , 
+1920( A ^A)(p^)rfc M fc^ CT S^ ^ fcAafcpafca + mH^)rk^ a ^l dkvdkXdkpdkS 
+320(^A)^)rfc,fc ff E fe S^^A^ + 360(^)(Ap^)rfc^ CT E^^A^ F 

+Z2Q{nu\){pa6)rk v k a ^ dkiid ^ QkpdkS + A%Q{^{Xpa5) W k,k x k p k^' ^ 

d d 
+960(^^a A )(p^) 7A75 Tfc M ^A :p fc CT Sr^+960( A ^Aa p )(a(5)7 P 75Tfc M A : ^- A fc CT Srgp 

<9 2 <9 2 
+240(^^Ap)(aa 5 )7 5 7 5 rfc M ^fc A E^— -— + 240(Aia l/ )(Apa5)7 I/ 7 5 TA :A A :p A :CT S , fe '' 



d 2 d 2 
+2,m{pa v ){Xpa5)-i u -i 5 Tk ll k p k a Y,' k n + 360(pa l ')(Xpa6)~f u "/ 5 Tk p kxk a 'E k " gkpgkS 



fl 2 



+480(^i/a )(pa8)j > ,'y 5 Tk l j,k p k a E k — — ^ +480(yuz/a )(pa5)^ 5 rk v k p k (7 T, k dkpgk . s 

d 2 d 2 
k v k a T! k + 480(^^Aa p )(cr(5) 7 p 75 rfcyfc A fc o .Sj £ ' 



" v a k dkPdk* ' a-,/^— A~<r~ fc 

a 2 9 2 

+ 480(Mi/Aa p )( t T<5) 7p75 Tfc M fc A fc g S; // ^p + 480( M ^Aa p )(gJ) 7p75 rfc p fc^vSfc , g A , A g A , a 

a 3 9 3 

+240(^A)(p™ 5 ) 7575 rfc p /c y E£ — — — — + 180(/x^A / 3)(aa 5 ) 7575 rfc 1/ fc A I]',: 



dk x dkPdk° ^ rM " °'° k dkPdkPdk° 

Q3 q3 

+im^P){^) lsl5 rk,kxK dkvdkPdka + l80(^)(XpaS) W k p k a ^ gkfigkXdk5 

Q3 Q3 

+m^)(Xpa5h^ 5 rk x k a ^ dkpdkpdkS + 360^an(X P( T5) 7vl5 Tk,k^l gkXgkpdkS 

Q3 q3 

+240(pva x )(pa5)-f Xl5 Tk p k a ^ gkpdkudkS + 480( M ^ A )(p^) 7A75 rfc p fc g Sfc Q kvQkPdk & 

Q3 q3 

+m^)(pa6h xl5 rKk^ dkpgkpdkS + 2AQ{pvXaP){a8) lpl ,Tk x k a ^ dkpdkvgkS 

Q3 Q3 

+2A0(p^Xan(aSh pl5 rKk a ^ dkpdkXgkS + 240^^6)^^^ ^^ 

+120(^)(W)7^r^ 0fc ^ fcpafrr + 240(^A)(^) 7 ^ S ^^ fcpflfco 

d 4 d 4 
+180(^Ap)(aa% 75 rfc A El a . — + 180(pa !y )(Apa<5)> 75 rfc (T Sfc 



dkPdk v dkPdk° Kr n p ' ' ,0 k dkPdk x dkPdk s 

+240(^ a A )(p^) 7A75 rfc CT E^^^^ + 120(^A^)(^) 7p75 rfc.S ^ fc ^ fc ^ fcA9fc , 

9 3 a 3 

+ 720( M a")(Ap)(<r<S) 7 , 75 Tfc^^^ 

<9 3 

+360(/za I/ )(Ap)(o-5) 7l/75 rfc A fc <T S fc gkfi Q kpgkS ■ 

(A12) 
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APPENDIX B: ANALYTICAL EXPRESSIONS OF 2, ON E(fe 2 ) 



Z 2 
Z 3 
Zi 

z h 
z 6 

z 7 



dK 
dK 
dK 
dK 
dK 



1 



1 



T 

3 



T A k 2 + 4t 4 E 2 _ ^ T 5 fc 4 _ r 5 fc 2 E 2 _ « 5 E 4 

^ 18 fe 



540 



-r fa fc fa 



45 



-r b fc 4 E 



fe 



15 



-r b fc 2 E 



16 

45' 



r b E b 



3 fe 18 3 k k 180 45 fc 5 * 15 * 



•4 S 2 _ _L T 5 fc 4 _ Z r 5 fc 2 S 2 _ ^5^4 + _±_ r 6 fc 6 + _l r b fc4 S 2 + ^WE 4 + ^T b E b 



4 

3' 



1 

3~60 



_ r 3 + ± r 4 fe 2 + 6T 4 S 2 fe _ r 5 fc 2 s 2 _ ^5^4 + 1 T 6 fc 6 _ * 6^2 + * ^2^4 + "65,6 



1 

15 
2 



15 



G 



360 



45 



15 



I T 3 _ l T 4 fc 2 _ 2T 4 S 2 + l T 5 k ^2 + 1 T 5 S 4 , 

3 6 k 3 fe 3 fc 



1080 



1 

45 



T 6 fc 6 + ^i T 6 fc 4 s 2 _ JL r 6 fc 2 S 4 _ « ^6 

15 k 45 fc 



4 



1 



1 K 



— r 3 + r r 4 fc 2 + -r 4 Sg r 5 fc 4 + -T 5 fc 4 S^S' fe 2 - -T b k 2 Y? k + T 6 k 6 + —T 6 k 4 E 2 k r 6 fc 6 S^S' 2 



15 

dK 



15 3 

r 6 fc 4 E 4 E' fe 2 
11 



10 



120 



15 



30 



3 + 3r 3 fc 2 E', 2 



H T 4 fc 2 92 4 S 2 _ 18r 4 fc 2 s 2 s /2 _ 2 4fc4 2 

10 15 fc fe fc 9 ft 



17 , 

90' 



11 

Y 



T b k 2 Y? 



fe 5 fe 



— r 5 fc 4 E 2 E' 2 + 12T 5 fc 2 E 4 E' 2 + — r b fc b + — r b fc 4 E 2 + -r b fc 2 E 4 - — T b fc b E 2 E' 2 - i- T 6fc4 E 4 E « - -r 6 fc 2 E b E' 2 
9 ^ ^ r fc ^ 120 15 fe 5 ^ 30 fe ^ 15 fc ^ 5 k k 



15 



dK 

-— r 6 fc 4 E 4 E' fe 2 
15 A A 



1 -4 A ,2 _ 2 T 4 S 2 _ ^ T 5 fc 4 + l T 5 k 4^2 _ l^tf?* + _L-T b fc b + ^T b fc 4 E 2 - ^T b /fc 6 E 2 £? 



10 



Zq = / dK 



23 3 59 4 2 



17 



7 



120 



15 



30 



J fe^fe 



1 



1 



_ + _ T 4 fc 2 + _ T 4 E 2 _ r r 4 fc 4 S /2 _ _ T 5 fc 4 + fc^^ _ Z^E* + _ T «>jfc«> + _ r «> fe *Ej« 



15 



60 



15 



45 



9 



120 



15 



ir 6 fc 6 E 2 El 2 - ^r 6 fc 4 E 4 El 2 



'10 



30 

= / dK \ - It 3 + ^r 4 fc 2 + Ar 4 E 2 - ^r 4 fc 4 E', 2 - -U 5 fc 4 + ^r 5 fc 4 E 2 E' fe 2 - ^r 5 fc 2 E 2 + -U b /fc b + ^r e k^ 2 
J 5 30 15 k 9 fc 45 9 k k 5 fc 120 15 fc 

1 



30 
dK 
1 



r 6 fc 6 E?E' t 2 



2 



30 



4 
15 
1 

30 

4 

" 15 



tVE 4 ^ 2 



r 3 + ^ r 4 fc 2 £ 4^2 f T 4 fc 4 E « _ _L r 5 fc 4 _ ±y5fc 4 £2E? + -T 5 fc 2 E 2 + — T b fc b - — T b fc 4 E 2 

15 



1 

30 



1 

120 



1 

15 



r 6 fc 6 E 2 El 2 + ^r 6 fc 4 E 4 E^ 2 



dK 



16 

T~ T 

15 5 



3 _^4 fc 2 _ - T 4 E 2 



14 
— r , 
15 



l fc 4 E? 



1 

30 



T ^4_- 5 fc 4 E 2 E ,2 + - 5 fc 2 E 2 



120 



1 

15 



-r 6 fc 6 - — r b fc 4 E 



6;„4,p2 
k 



1 

30 



^r 6 fc 6 E 2 E' fe 2 + -r 6 fc 4 E 4 E^ 2 



'13 



/ dsr 
i 



28 . 

15' 



4 
15 
9 

10 
4 



4 E^ 2 + Ve 2 - ^r 5 fc 4 + ^T 5 fc 4 E 2 E' fe 2 - 9r 5 fc 2 E 2 + ^-r e k e + ^r 6 fc 4 E 2 



1 

120' 



1 

15 



-tU°S^^ - — r 6 fc 4 E 4 E^ 2 
30 k k 15 k k 



dK 



H T 3 + g r 4 fc 2 _ 7 _ 2 4fe4 2 _ 7 r5fc4 8 5 fc 4 E 2 E /2 _ 2 1 r 6 fe 6 1 ^^4^2 

15 60 15 k 9 fe 45 9 k k 5 * 120 15 fc 



38 



30 
dK 



15 



IS, n, 



12r 5 fc 2 £ 4 £' t 2 + — r 6 A; 6 - -r 6 fc 4 E 2 _ - T & k 2 Y> A k ~ — T 6 k 6 Y%£% + -T 6 k 4 ^ k J:' 2 + -r 6 fc 2 S|E' 2 
120 15 fe 5 k 30 fe fc 15 k k 5 fc fc 



16 



11 



_ 12 T 3 + 3 T 3 fc 2 E' fe 2 + H T 4 fc 2 + 92 T 4 S 2 _ 18r 4 fc 2 E 2 E « _ l T 4 fe 4 E /2 _ 11^ 4 _ 11^2^2 _ 8 5^ 

5 * 10 15 9 ^ 45 5 * '5 



^k 4 ^' 2 + 12r 5 fc 2 EtS', 2 + -i-r 6 fc 6 + ^r 6 fc 4 S^ + |r 6 fc 2 E 4 - -L r 6 fc 6 E 2 Ef - -^ 6fc4s fc S * - f ^EgE? 
9 120 15 5 30 15 5 



11 

15' 



49 
60 



90 



10 



8 

15 



fe 90 45 k 



2 r 6 fc 6 £ 2 fe E' fe 2 - gr 6 fc 4 E 4 E' fe 2 



45 
dK 
2 

45' 



15 



r 6 fc 6 S^E^ 2 



29 .3 , 67 4 2 11 4 2 _ 2 4 4 2 _ 17 5 4 _ jt^^ l T 6 fc 6 + ±^4^2 

fe g k go 9 fc fc 15 fe 90 45 fc 



60 
16 
45 



15 

r 6 fc 4 E 4 £' fc 2 



dK 



T 3 _ l T 4 fc 2 _ - T 4 S 2 + ± T 4 fc 4 sl 2 _ ^5^4 _ ^tfjjjpV + ^5^2 + JL_ T 6 fc 6 



45 



4 
15 



180 



2 

45 



r 6 fc 4 S 2 



1 

45 



^r 6 fc 6 S 2 S', 2 + — r 6 fc 4 E 4 E^ 2 



45 

_ \ T 3 + 2r 3 fc 2 Sl 2 + -U 4 fc 2 + ^r 4 S 2 - 12T 4 fc 2 £^ 2 - Vfc 4 £' ft 2 - ^r 5 jfe 4 _ ^^2 _ 16 Bj] 4 
5 fc 10 15 k k k 9 k 90 15 fc 15 k 



dK 

^r 5 fc 4 E 2 E' fe 2 + St^E^E', 2 + -^-r e k e + -^T 6 fc 4 £ 2 + 4r 6 fc 2 £ 4 - -^r 6 fc 6 S 2 Sf - ^r^E 4 ^ 2 - ^k 2 ^' 2 

180 



4 

45 



4 
15 



1 

45 



16 

45 1 



16 

15 1 



dK 



1 T 3 _ _L r 4 fc 2 2 T 4 fc 4 E ,2 _ J_ T 4 S 2 _ l T 5 fc 4 _ l^^S 2 !]' 2 + -T 5 fc 2 £ 2 + — T 6 fc 6 - -T 6 fc 4 £ 2 

15 30 9 fc 15 k 45 9 fe fe 15 k 180 45 fe 



-r 6 fe 6 E 2 E' 2 + — 
45 fe k 45 



2r 3 fc 2 El 2 



r 6 fc 4 E£E' fe 2 



4 , 58 



22 



16 



15 



r 4 E 2 - ±r 4 fc 2 + 12r 4 fc 2 £ 2 £' fc 2 + ±r 4 fc 4 £' fc 2 + ^r 5 fc 2 E 2 + ^r 5 £ 4 - ^ 5 fc 4 E 2 £' 2 



15 



15 



-8r 5 fc 2 E 4 El 2 + — r e k e - -r 6 k^ 2 - -r 6 k 2 Zt - -r 6 fc 6 E 2 E', 2 + — T 6 A 4 £tE? + -T 6 fc 2 E|£' fe 2 
180 45 fc 15 "45 * k 45 * * 15 



dK 



J k' Lj k 
1 

15 



1 



-3 _ _L r 4 fc 2 + 2 T 4 fc 4 s ,2 + ± T 4 S 2 _ ^5^4 _ ^5^2^,2 



10 



15 



45 



J k^k 



i^ fc 2 s 2 ^ T 6 fc 6 _ A T 6 fc 4 E 2 
k i on /i c K 



1 

45 



^r 6 fc 6 E 2 E', 2 + — r 6 fc 4 E 4 E^ 2 



dK 
dK 
dK 
dK 
dK 



45 

4r 2 - T 3 k 2 - 16r 3 £ 2 + Vfc 2 E 2 + yT 4 £ 4 



2r 2 - 8r 3 E 2 + |r 4 fc 2 £ 2 + ^r 4 £ 4 



dK 



2t' 



z 3Q = 

4 



15 

Z 2 5 = I 
-Z28 
Z31 = 



180 



45 



4t 2 - r 3 k 2 - 4t 3 E^ 



dA 
dK 



At 2 + r 3 /c 2 + 4r 3 E 2 . 



ir 3 fc 2 E' 



6r 3 E fc + |r 3 A; 2 E , fc + ^r 4 fc 2 E fc + |r 4 E 3 - -r A k A Yl k 



4r 3 E fc + lr 3 fc 2 E' fe - lr 4 fc 2 E fc - ^r 4 E 3 - ^r 4 fc 4 E' fe 



34 



dK 



r 3 E fc + -r 3 fc 2 S' t 



39 



dK 
dK 
dK 



2r 3 E fe + -T 3 k 2 Z' k 



Z 3e = I 

2 
3 



- ^r 3 fc 2 E' fe + Vfc 4 E' fe + Vfc 4 E fc E' fe 2 - + -Vfc 4 E fe - ^ 4 E 3 El 2 



j dK 


'2 „ 







6r 3 E, - IOt^E^ 2 - 2r 4 fc 2 E fc - ^r 4 E 3 + \r^' k + \r^ k ^ + yr 4 fc 2 S 3 fe S', 2 + i T 6 k 4 E fc 



9 



/" dK" [ - 10r 3 E, + ^r 4 fc 2 E fe + ^r 4 E 3 + ir 5 fc 4 E, - lr 5 fc 2 E 3 - ^t 5 E* 



dA 
dA 

dK 
dK 
dK 
dK 



J k^k 
4 



- r 3 fc 2 4 + |r 3 E fc + \r^' k + \r^ k ^ \r^ k + \r^ k ^r 5 fc 4 E 3 E' fe 2 



10r 3 E fc 



40 4 



ir 5 fc 4 E fe + ^r 5 fc 2 E 3 



8 



5 V 5 



10r 3 Si. - 2r 4 fc 2 E,. 



^r 4 E 3 + 
3 fc 9 



1- -r 5 fc 2 E 3 + -r 5 E 5 fc 
3 k 3 fe 



12 



29 -4 fc 2 + I T 4 fc 2 E 2 E /2 



120 
1 

3 : 



^-r 5 k 4 + -r 5 fc 4 E?E? - — r 5 /fc 4 E 3 E' 3 
540 90 A A 135 * * 



-r 3 E fc E' fc - -T 3 fc 2 £l 2 



i/3 ^ 3 , ^ 3 2 W2 , ' _4;2 



„4,,2vi3vi/3 



45 



45 



1 



1 ~5i.4, 



9 
2 



-r^E^ - -r-k^i^ - -r 4 E^ + — + ^k^ k -T fc*E|E£ - ^fc^E? - ^r 5 fc 2 S 4 E' fc 2 



— r 5 fc 2 Ef.E? 
45 



dA 

dA 
dA 

59 



-r 3 + ^r 3 E fe E' fc - -^r 4 fc 2 - ^E 2 ^ 2 + ^r 4 fc 4 E', 2 + ±r 4 * 4 £ fc £j? + -^r 5 fc 4 - ^fc^Ej? 



5 

i 

18' 
1 



5 

18' 

2 

9' 
14 



T r 3 - ^r 3 E fe E' fc + f^E* - ^ 



1 

9' 
1 

9' 
4 



31 
540' 



1 K- 

18 1 
7_ 
30 



1 

135' 



^1 T 3 _ ± T 3 Sfe E' - -r 3 /fc 2 E' 2 - — r 4 fc 2 - -r 4 E 2 + -r 4 fc 2 E 2 Ei 2 + ir 4 fc 4 E' 2 + -r 4 /fc 4 E,E 
18 9^9 k 180 3 k 18 fe fe 9 fe 9 



. r 5 fc 4 i r 5 fc 2 E 2 _ ^ T 5 fc 4 s 2 s /2 J^^/a _ l^ji^ 

540 3 k 30 fc fc 135 fc fc 3 



dA 



1 



J k^k 
1 



_ — r 3 S fe E' + -r 3 fc 2 E' 2 - -r 4 fc 2 - -r 4 fc 2 E 2 E' 2 + ir 4 fc 4 E' 2 + -r 4 fc 4 E fc E' 3 + — r 5 k A 
36 18 k 9 k 20 3 & k 9 fe 9 ^ 135 



ir 5 fc 4 E 2 E' 2 + 4r 5 fc 4 SfS' 3 



dA 



2 



135 



J k^k 



1 



-rEfeEl" - — rS' E' fe ' + — r 2 E fe E£ + — t 2 E^ 2 + — r 2 E 2 E^E' fc ' + — r 2 E fe E' fe 3 + — r 2 fc 4 Ef - - 
45 k 15 k k 15 fc 15 fe 15 fc *■ fe 15 fe 18 * 45 



15 
2 



^T 3 £ fe £' fc + i T 3 fc2S /2 _ ^ T 3; 



45 



4 

27' 



1 

18' 



4 

27' 



27 
dA 

1 



r 4 fc 4 E 2 E^ 4 



— rEfeE'," + — rE' fe E^' - — r 2 E fe E',! - — t 2 E^ 2 - — r 2 E?EiE' fe ' - — r 2 E fe E' fe 3 - — r 2 fc 4 Ef - — r 3 
135 k 45 fe fc 45 fc 45 * 45 fc k k 45 fe 18 k 135 



45 
4 

27 



rr 3 E fe E' fe - ^r 3 fc 2 E^ 2 + ^r 3 E 2 E', 2 + ^r 3 E 3 E^ 3 - ^r 3 fc 4 E' 4 + ^r 4 fc 2 + ^T 4 fc 4 E^ 2 - ^r 4 /fc 2 E 2 E^ 2 



4 

135' 



4 

27' 



1 

24 



1 

18 



l fc 4 E fe Ej 3 + At 4 ; 



40 



-52 



dK 



- - ^r 2 ^ - ^r 2 fc 4 E fc 



270' 



-53 



dK 
29 



— rE fe E'," + — rS' E" - — r 2 E fc E£ - — t 2 E1 2 - — T 2 E?ElE' fe ' - — 

135 k 45 fe fc 45 fc 45 * 45 fc k k 45 18 " 2VU 

- -T 3 k 2 Y' 2 + ^-t 3 E5E? + —T^l^ - — r 3 fc 4 E' 4 + — r 4 fc 4 E' fe 2 + — T 4 fc 4 E fc E' fe 3 + — T 4 fc 4 E 2 S' 4 
45 fc fc 135 27 fc 18 27 fc 27 fc fc 

1^5 j.4 



45 k 9 

- -r 3 + — r 4 fc 2 - -r 4 fc 2 E 2 E' 2 - - 
18 180 18 k k 81 

JVfc^Ej 2 + -^L r 5 fc 4 E 3 S* + i-T 5 fc 6 E,E' fe 3 + -Vfc^Ej 4 + -U 6 fc 6 - -|e 
270 fc fc 405 fc k 81 fe 81 fe fc 540 135 



162 fe 54 k k 36 

-U 6 fc 6 - Ar 6 fc 6 E|S^ 2 - -i-r^E^E? 
540 135 fc fc 405 fe fe 



405 k k 



Z 54 = / dK 



-r 4 fc 
36 



54 

_A r 6 fc 6 s 4 s ,4 

405 fe fc 



162 T ^ Lfe + 54 T fc ^ fe 540 T * 

iqc; fc * 4Q5 fc fc 



* - 4 ^ 2 - ir 4 fc 2 E 2 Ef - l r 4 fc 4 E fe El 3 + — 
6 fe k 81 ^ 162 



-T 5 fc 4 E 2 E' 2 + — r 5 fc 4 E 3 E' 3 + -r 5 fc 6 E fe El 3 + -r 5 fc 6 E 2 E' 4 + — r 6 fc 6 - — 
54 k k 81 fe fe 81 fc fe 81 fe * 540 135 



--55 



dK 



4r 2 fc 4 Ef - It 



I T 3 + I r 3 fc 2 E /2 + H T 3 fc 2 s s /3 _ Vfc^Ef A^^M il T 4 fc 2 + H 4 2 

5 2 fc 9 fc 9 27 fc 180 

2 E' fe 2 - |Vfc 4 E fc E' fe 3 - gr 4 fc , iQg 

i T 5 fc 2 E 2 + il^^E 2 ^ 



18' k 5' ' 2' fc ' 9 ' K k 9' fc 1 27' fc 1 180 ' '" ' 45 ' 

_! T 4 fc 4 E ,2 _ i! T 4 fc 2 E 2 s ,2 _ W3 _ M^fcS^g/S + 1,^6^,2 -Ar 4 /^ 4 + -T 4 fc 4 E 4 Ef 

18 fc 9 fc fc 81 " 27 k k 108 fe fc 324 fc 27 fc * 

--r 4 fc 4 E 2 El 4 - -r 5 fc 4 - ir 5 /fc 2 E 2 + — -r 5 fc 4 E 2 El 2 + -r 5 fc 2 E 4 E^ 2 + — r 5 fc 6 E fc E' fc 3 + — r 5 fc 4 E 3 E' fe 3 
9 fc k 30 9 fe 135 fe k 45 fe fc 162 

+ ii r 5 fc 2 S|E /3 + — r 5 fc 6 E 2 Ej 4 + -r 5 fc 4 E 4 E' 4 + — r 6 fc 6 + — r 6 fc 4 E 2 
135 k k 81 fc fc ^ 27 A * 1080 135 * 

_ J_ T 6 fc 6 E 3 s /3 _ ^. T 6 fc 4 E 5 _ JL^^M _ i^^yM 

405 k k 405 fc 405 fc fe 405 

1 T 3 + l T 4 fc 2 _ l r 4 fe 2 s 2 E /2 _ £ 

18 72 18 fe k 81 



--56 



! 405 k k 

^__6L6y2y/2 8 61 4yi4y./2y./3 



^ r 4 fc 6w4 l r 4 fc 6 E 2 w/2 _ 1 5 fc 4 

162 fe 54 fe fc 45 



— r 5 fc 4 E 2 Ej 2 + -r 5 fc 4 E 3 E^ 3 + -r 5 fc 6 E fe E^ 3 + -r 5 fc 6 E 2 E' 4 + — r 6 fc 6 - — r 6 fe 6 E 2 El 2 - — r 6 A; 6 E|E' 3 
27 fe fe 81 fc k 81 A 81 fc k 540 135 fe fc 405 k k 



_A r 6 fc 6 E 4 s /4 

405 k k 



-57 



/ dK" f - — — t 3 + — r 4 fc 2 - — T 4 fc 2 E|Ej? - — 
7 L 36 144 36 fe fc 81 



;L 2 - -?-r 4 fc 4 E fc E' fe 3 



^,4^,6^/4 , J__4j,6y2y//2 _ J__5l4 

36' ^ k 81' ' u ^" fe ' 324 T ^ Lfe + 108 T * LfcLfc 90 T * 

— r 5 fc 4 E 2 Ej 2 + -r 5 fc 4 E 3 E^ 3 + — r 5 fc 6 E fe E' 3 + -r 5 fc 6 E 2 E' 4 + —r 6 k 6 - — r 6 fc 6 E 2 E^ 2 - — r 6 fc 6 E 3 E' fe 3 
27 k k 81 fc fc 162 ^ 81 fe fe 1080 135 k k 405 fe fe 



--|-r 6 fc 6 E 4 El 4 
405 



-58 



ir 3 + A T 4 fc 2 _ i T 4 fc 2 s 2w2 _ A T 4 fc 4 E W3 1,*^ + J_ r 4 fc 6^ E J 

36 fe fc 81 ^ 324 ft 108 fc * 
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As we mentioned before, since the momentum integrations in (|B1[) are convergent due to suppression factor e~ Tk , the 
integrand is only accurate up to some total derivatives , but if we insist on taking the limit of A — > 00, the dropping out 
momentum space total derivatives becomes problematic. We choose these momentum space total derivatives to reduce 
the high order self energy derivatives as much as possible. For example, following relation with m, mo, mi, 7712, m 3 , m± 
being zero or positive integers can be used to reduce the term with a to the terms with lower order self energy 
derivatives, 
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Similarly, we have a series relations to reduce the term with a S' fe '", or a S^', a a E' fe to the terms with lower order 
self energy derivatives, 
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With the help of above relations, the highest self energy derivatives appear in the final result (|Blj) is S™. 
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To help understanding mutual relation between the definition of symbols in our formulation and those in Ref.[l 
in Table XIII, we give a comparison. 

TABLE XIV. Comparisons between the symbols introduce in Ref.[i~3] (the first and third columns) 



and corresponding ones defined in present paper (the second and fourth columns). 
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Present paper 


9r 


V R 


xt 


AiB d^pn - 4,iB snaQ - UBoa^SQ 


9L 


V l 


jpftU 

L,R 


JL.R 




n 


/r 








v A /r 


2d x V^-2id x (a&a» n -a» n a& 


u-u = u^u^ 


4*n 




-2(d»a& - <Pa£) 


X 


X 




-2(d x dW n - d x d»a^) 


X+ 








xZ 


4B d"*n + 4B p Q a& + 4B a£p Q 




d^ 


X- 


4:iB pn 




■ M 



In obtaining (|C1[) . some dependent terms must be reduced into independent terms, in Table XV, the first column is 
the dependent operators and the second column is the sum of its corresponding independent operators. 



TABLE XV. Expand dependent operator in terms of independent operators 



dependent operator 


corresponding independent operators 


tv{u^u v h^ x h vX ) 


— 2^3 + 2"^ 28 — 177 ^" 30 IVT^ 34 — 2F^36 — 5^37 + ^54 — ^60 

J J / 

+^68 + 2^g2 + ^94 + 2*105 


tv{u^u v h^ x fi x 
+u^u u f^ X h» x ) 


— + l^" 5 + WJ ■^ 30 — ^ 31 ^ 33 — IvJ ■^ 34 + dvj^ 36 — S"^ 37 

-2Y49 - y 52 + 4y 54 + r 58 - 2Y 60 - y 64 - 2y 66 - 4y 67 + y 68 
+^86 — 2y)o + + 2yj4 — 2yg5 — |y)7 + yos 


tr(u ll u l/ h" x h^ x ) 


—Y\ — 2^5 + 5^28 — IvJ^ 30 + ^" 31 — ^ 33 + WJ ^ 34 — IvJ^ 36 
+^49 + y52 — 2y54 + Yq4 + 2Yg 7 + Yqo + Y95 + 5^97 — ^^105 




Y7 + Yn — 2Yi 3 — Yn — iy 2 s — Y33 + j\fj^34 — 2y 37 — Y 39 + -j^Yn 

— jy2-^42 + Y43 — WJY44 + Y$3 + 2Y" 8 5 + — 5^105 — ^107 

f 
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tr(i/f h, lX h x ) 


■|y64 — Yqq + Yji — y 7 3 — Yioo + 2^101 — ^111 + Y±i2 




—Yee - y 67 + y 68 + ^Y 71 - iy 73 + Y 75 — 2Y 76 + iy 78 - iy 83 — y 85 

+ 2^90 — 5^92 — y>4 + 2^97 — ^Yioo + g-YlOl — 4^104 + yilO + ^112 


tr(V„/rvV+Av) 


4^71 — jY 7 3 — |y 7 5 — 2^76 + ^78 ~ 5^90 + g^92 + 2^94 
— 4^97 — Yiqo ~ 5^101 + 4^104 _ ^yiog — 2ym — 4yi4 + Yiis 


tr(V„/rvV- A J 


— jY 7 \ + jY 7 3 + ^y 7 5 — ^y78 + 5^94 — 2^95 + \ Y\m + ^Yiqq 


tr(W^V, y /_ pA ) 


-|y 71 + iy 73 + iy 75 - \y 7S + iy 109 


tr(m M X-X+ 


Yig + y 2 3 + Y33 + y 37 + y 3g — j/jYn — y 43 


tr(m jU x+(X-)) 


y 2 4 + y 34 + ^y 4 i — 2wj^ 42 — 


tr(V# A V„/+„ A ) 


|y 7 i - |y 73 - 4y 75 + 2y 78 - iy 90 + ±y 92 

— 2yi00 + 2yioi + 2^104 — ^109 — 41iii + 2yn5 
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